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FOUNDATIONS OF LOGARITHMIC ADIC SPACES
HANSHENG DIAO
Abstract. The main objects of study are adic spaces with logarithmic struc-
tures. After establishing the basic definitions, we analyze the Kummer e´tale
and pro-Kummer e´tale topologies on log adic spaces. In particular, we show
that log adic spaces are locally “log affinoid perfectoid” in the pro-Kummer
e´tale topology. As an application, we prove finiteness of cohomologies for
Kummer e´tale Fp-local systems on proper log smooth adic spaces.
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2 HANSHENG DIAO
Introduction
0.1. Why log adic spaces? There are several well-established approaches in non-
archimedean analytic geometry: Tate’s rigid analytic spaces, Berkovich spaces,
and adic spaces. This paper focuses on adic spaces, originally introduced by Hu-
ber [Hub1] and later revisited by Scholze in [Sch1], [Sch2] and by Kedlaya-Liu in
[KL1], [KL2]. Comparing to rigid analytic spaces, the notion of adic spaces removes
the finite-generated-ness requirement of the structure rings. This advantage turns
out to be crucial as adic spaces include perfectoid spaces which are highly non-
noetherian. In [Sch2], Scholze studies e´tale and pro-e´tale topologies on adic spaces.
One key observation is that the local structures of adic spaces in the pro-e´tale
topology are relatively simple: adic spaces are locally perfectoid.
In recent progresses, adic spaces and perfectoid spaces have played a central
role in the study of p-adic geometry, p-adic Hodge theory, and number theory; for
example, [Sch2], [Sch3], [CHJ], [BMS], and [LZ]. Let us use modular curve as a
demonstration. Consider a tower of p-adic modular curves
(0.1.1) · · · → XΓ(pn+1) → XΓ(pn) → · · · → XΓ(1) = X
where XΓ(pn) is the compactified p-adic analytic modular curve over Qp of level
Γ(pn) (with certain fixed tame level). By [Sch3], the inverse limit of this tower
is represented by a perfectoid object XΓ(p∞). This infinite level modular curve
XΓ(p∞) can be viewed as a universal cover of X , analogous to the universal cover
of complex modular curve by upper half plane.
One technical defect in this picture is that the transition maps in the tower are
not finite e´tale due to ramifications around the cusps. Consequently, the inverse
limit XΓ(p∞) does not live in the pro-e´tale site of X , which could cause difficulties
in application. Similar issues show up in more general Shimura varieties.
Solution to such issues is to introduce logarithmic structures. Logarithmic struc-
tures on schemes are first introduced by Fontaine-Illusie and Kato [Kat1] in order
to treat objects with controlled singularities as “smooth” objects. This inspires our
study of so-called logarithmic adic spaces – adic spaces together with an e´tale sheaf
of monoids that records the log structures.
Another important question that inspires our study is the long-sought p-adic
Riemann-Hilbert correspondence. In the complex case, for any smooth complex
algebraic varietyX and the associated complex analytic manifoldXan, the following
categories are equivalent
(i) Regular vector bundles on X together with an integrable connection;
(ii) Holomorphic vector bundles onXan together with an integrable connection;
(iii) Local systems of C-vector spaces on Xan of finite rank.
There have been attempts towards a p-adic analogue. For example, [LZ] provides
a partial answer of type “(ii)⇔(iii)”. For a smooth rigid analytic space X over
Qp, they constructed a tensor functor from the category of de Rham e´tale Qp-local
systems on X to the category of vector bundles on X with an integrable connection.
On the other hand, for the relation between (i) and (ii)(iii), Deligne’s proof in
the complex case starts with a compactification X such that D = X−X is a normal
crossing divisor, and then exhibits an equivalence between
(a) Holomorphic vector bundles on Xan with an integral connection; and
(b) Holomorphic vector bundles onX
an
with a regular meromorphic connection
along Dan.
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The correspondence then follows from GAGA on X. In the p-adic case, similar
approach could work as long as we have a reasonable theory of log structures on
rigid analytic spaces, or adic spaces. Questions in this direction will be investigated
in [DLLZ].
0.2. Outline of the paper. Logarithmic adic spaces are straightforward general-
izations of logarithmic schemes. By a log adic space, we mean a triple (X,M, α)
where X is an adic space, M is an e´tale sheaf of monoids, and α :M→ OXe´t is a
morphism of sheaves of multiplicative monoids such that α∗O×Xe´t
∼= O×Xe´t .
A Kummer e´tale morphism between log adic spaces is one that locally factors
as a composition of an e´tale morphism and a standard cover of Kummer type (see
Definition 2.2 for details). In Section 2, we study the Kummer e´tale site Xke´t on X .
Most results in this section are analogues of their log scheme counterparts. As side-
products, we also investigate the effectiveness of log e´tale descent questions, some of
which are well-known to experts but not available in literature. For example, there
is an equivalence between the category of locally constant sheaves of finite sets on
Xke´t and the category of finite sets with continuous π
ke´t
1 -action, where π
ke´t
1 stands
for the Kummer e´tale fundamental group. However, general log e´tale descent of
objects are not pleasant.
Section 3 concerns the pro-Kummer e´tale topology. For any locally noetherian
log adic space X , the elements in the pro-Kummer e´tale site Xproke´t are formal
inverse limits lim
←−
Xi → X where Xi → X are Kummer e´tale and the transition
maps Xj → Xi are finite Kummer e´tale surjective for large i. For instance, the
transition maps in (0.1.1) are finite Kummer e´tale and the inverse limit XΓ(p∞)
lives in Xproke´t. It should be clear to experts that our definition is a logarithmic
generalization of Scholze’s pro-e´tale site. Unsurprisingly, the pro-Kummer e´tale
site shares the most important properties of its ancestor. For example, the pro-
Kummer e´tale topology is quite accessible in the sense that it is locally “log affinoid
perfectoid”.
More precisely, we have the following logarithmic analogue of Proposition 4.8
and Lemma 4.10 in [Sch2].
Theorem 0.1. Let X be a locally noetherian fs log adic space over Spa(Qp,Zp).
Suppose X is log smooth. Then we have
(i) Log affinoid perfectoid elements in Xproke´t form a basis for the pro-Kummer
e´tale topology.
(ii) Let O+Xproke´t denote the integral structure sheaf of the pro-Kummer e´tale
site. For any log affinoid perfectoid U ∈ Xproke´t, we have Hi(U,O
+
Xproke´t
)
being almost zero for every i > 0.
In Section 4, as an application, we prove the following finiteness result for Fp-
local systems.
Theorem 0.2. Suppose X is a proper log smooth fs log adic space defined over an
algebraically closed complete extension K/Qp such that the underlying adic space
of X is smooth. Let L be an Fp-local system on the Kummer e´tale site Xke´t. Then
(i) Hi(Xke´t,L) is a finite dimensional Fp-vector space for all i ≥ 0.
(ii) Hi(Xke´t,L) = 0 for sufficiently large i.
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Remark 0.3. In fact, as observed in the forthcoming work [DLLZ], the smoothness
condition in Theorem 0.2 on the underlying adic space of X can be removed. To
deal with this general case, the overall strategy in Section 4 remains valid but a
careful analysis on fs monoids is needed. See [DLLZ, Section 2.4] for details.
Remark 0.4. For simplicity of presentation, all adic spaces in this paper are de-
fined over a non-archimedean field. In practice, we mostly encounter either locally
noetherian ones or perfectoid ones. However, most of the constructions and results
should apply to more general adic spaces coming from Huber pairs (see [SW2] for
instance).
Remark 0.5. Even though this article is titled “foundation”, there are many more
important topics that could take place here. Almost every question in log schemes
can be equally raised in the realm of log adic spaces: for example, log differentials
(cf. [Ogu2, Chapter IV]), the full log e´tale topology (cf. [Nak3]), and log descent
of properties of morphisms (cf. [INT]), etc. On the other hand, given the tools
established in this paper, many such questions are straightforward generalizations
from the log scheme situation. Therefore, we think it is reasonable to leave these
questions to interested readers and focus more on those topics that are different
from the log scheme case.
Acknowledgments. The author would like to thank Kai-Wen Lan, Ruochuan Liu,
and Xinwen Zhu for careful reading of earlier versions of the paper, for pointing
out mistakes, as well as providing many valuable suggestions. The author also like
to thank Christian Johansson, Kiran Kedlaya, Teruhisa Koshikawa, Martin Olsson,
Fucheng Tan, and Jilong Tong for helpful correspondences and conversations.
1. Log adic spaces
In this section, we develop the basics of log adic spaces. After a brief review of
adic spaces and perfectoid spaces, we generalize these notions by equipping loga-
rithmic structures.
1.1. Adic spaces. Adic spaces are first introduced by Huber ([Hub1], [Hub2],
[Hub3]) and later re-popularized by Scholze ([Sch1], [Sch2], [Sch5], [SW2]) and
Kedlaya-Liu ([KL1], [KL2]). Our review mainly follows [Sch1] and [KL1], including
only definitions and results necessary for our purpose. For details and a modern
account of the theory, we refer to [Sch1, Section 2] and [SW2, Section 2-7], later of
which is based on Scholze’s lectures at Berkeley [Sch4].
Definition 1.1. Let R be a topological ring.
(i) A valuation on R is a multiplicative map | · | : R → Γ ∪ {0} where Γ is
a totally ordered abelian group such that |0| = 0, |1| = 1, and |a + b| ≤
max(|a|, |b|) for all a, b ∈ R. The prime ideal | · |−1(0) ⊂ R is called the
support of the valuation.
(ii) Two valuations | · |1 : R→ Γ∪ {0} and | · |2 : R→ ∆∪ {0} are equivalent if
there is an isomorphism of ordered monoids α : Γ′ ∪ {0} → ∆′ ∪ {0} such
that | · |2 = α◦| · |1 where Γ′ and ∆′ are the subgroups of Γ and ∆ generated
by im(| · |1)− {0} and im(| · |2)− {0}, respectively.
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(iii) A valuation | · | : R → Γ ∪ {0} is called continuous if for every γ ∈ Γ, the
subset {a ∈ R | |a| < γ} ⊂ R is open.
(iv) A valuation is called rank-1 if it is equivalent to a valuation | · | : R→ R≥0.
Let k be a complete non-archimedean field, i.e. a complete topological field
whose topology is given by a non-trivial rank-1 valuation | · | : k → R≥0. Let
Ok = {a ∈ k | |a| ≤ 1}. An element ̟ ∈ Ok such that 0 < |̟| < 1 is called a
pseudo-uniformizer.
Definition 1.2. An affinoid k-algebra is a pair (R,R+) consisting of
• A topological k-algebra R equipped with a subring R0 ⊂ R such that the
aR0 (a ∈ k×) form a basis of the open neighborhoods of 0. The subring
R0 is called the ring of definition of R. Such a topological k-algebra R is
called a Tate k-algebra.
• An open and integrally closed subring R+ ⊂ R◦, where R◦ denotes the
subring of power-bounded elements in R.
A morphism f : (A,A+) → (B,B+) between affinoid k-algebras is a continuous
map f : A→ B such that f(A+) ⊂ B+.
Definition 1.3. An affinoid field is a pair (k, k+) where k is a complete non-
archmidean field and k+ ⊂ Ok is an open valuation subring.
An affinoid field is an affinoid k-algebra.
For any affinoid k-algebra (R,R+), one can associate a topological space X =
Spa(R,R+) together with structure pre-sheaves OX , O
+
X .
Definition 1.4. Let (R,R+) be an affinoid k-algebra.
(i) Define X = Spa(R,R+) to be the set of equivalence classes of continuous
valuations | · | on R such that |f | ≤ 1 for all f ∈ R+.
(ii) For each x ∈ X , we write f 7→ |f(x)| for the corresponding valuation on R.
The topology on X is the one generated by open subsets
U
(f1, · · · , fn
g
)
=
{
x ∈ X | |fi(x)| ≤ |g(x)| 6= 0 for all i
}
where f1, · · · , fn generate the unit ideal of R, and g ∈ R. Open subsets
of this form are called rational subsets. The inclusion U( f1,··· ,fng ) ⊂ X is
called a rational localization.
Remark 1.5. The topological space X = Spa(R,R+) only depends on the com-
pletion of (R,R+). If R̂, R̂+ are the completions of R, R+, respectively, we have a
natural homeomorphism
Spa(R,R+) ∼= Spa(R̂, R̂+),
identifying the rational subsets. This allows us to work with complete affinoid
k-algebras (R,R+) whenever it is convenient.
Remark 1.6. In literature, there is an alternative approach working exclusively
with Banach rings (for example [KL1], [KL2]). In fact, given any affinoid k-algebra
(R,R+) with R complete, we can define a Banach norm ‖ · ‖ : R→ R≥0 by setting
‖a‖ = 2n where n = inf{m ∈ Z |̟ma ∈ R0}. It turns out the two approaches are
equivalent in our context. For details, see [SW2, Section 2.2] or [Ked, Section 1.5].
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To construct the structure pre-sheaves (OX ,O
+
X) on X = Spa(R,R
+), we only
need to define (OX(U),O
+
X(U)) for rational subsets U .
Definition 1.7. Let (R,R+) be an affinoid k-algebra. Let U = U( f1,··· ,fng ) be a ra-
tional subset of X = Spa(R,R+). Consider the subalgebra R[ f1g , · · · ,
fn
g ] of R[g
−1].
Let B ⊂ R[ f1g , · · · ,
fn
g ] be the integral closure of R
+[ f1g · · · ,
fn
g ] in R[
f1
g · · · ,
fn
g ].
Equip R[ f1g , · · · ,
fn
g ] with the topology generated by aR0[
f1
g , · · · ,
fn
g ] for a ∈ k
×
and let (R〈 f1g · · · ,
fn
g 〉, B̂) be the completion of (R[
f1
g , · · · ,
fn
g ], B). The completed
pair only depends on U and we define
(OX(U),O
+
X(U)) = (R〈
f1
g
, · · · ,
fn
g
〉, B̂).
For an arbitrary open subset V ⊂ X , define
OX(V ) = lim←−
U
OX(U), O
+
X(V ) = lim←−
U
O+X(U)
where U runs through all rational subsets U ⊂ V . This defines pre-sheaves OX and
O+X on X = Spa(R,R
+). It can be shown that
O+X(V ) =
{
f ∈ OX(V ) | |f(x)| ≤ 1 for all x ∈ V
}
.
For every x ∈ X , consider the stalk of OX at x:
OX,x = lim−→
x∈V open
OX(V ) = lim−→
x∈U rational
OX(U).
The valuation | · (x)| : f 7→ |f(x)| associated to x naturally extends to a valuation
on OX,x.
We say (R,R+) is sheafy if OX is a sheaf. Clearly, O
+
X is a sheaf if OX is. For
general affinoid k-algebras (R,R+), OX are not necessarily sheaves. Affirmative
answers are known in the following two cases:
(i) R is strongly noetherian; namely,
R〈T1, . . . , Tn〉 :=
{ ∑
i1,...,in≥0
ai1,...,inT
i1
1 · · ·T
in
n ∈ R̂[[T1, . . . , Tn]]
∣∣ ai1,...,in → 0}
are noetherian for all n.
(ii) (R,R+) is stably uniform, which we recall below.
Definition 1.8 ([BV]). Let (R,R+) be an affinoid k-algebra and letX = Spa(R,R+).
(i) R is called uniform if R◦ is bounded in R.
(ii) (R,R+) is called stably uniform if for every rational open subset U ⊂
Spa(R,R+), the ring OX(U) is uniform.
Uniform affinoid algebras are necessarily reduced. Stable uniformity only de-
pends on the completion of R, and does not depend on the choice of R+. Stably
uniform affinoid k-algebras, in particular, include the cases of perfectoid affinoid
algebras (cf. Section 1.2). Since perfectoid objects are highly non-noetherian, this
case includes important adic spaces which do not rise from usual rigid analytic ge-
ometry.
Back to the definition of adic spaces. Globalizing the construction above, a pre-
adic space (resp., adic space) is an object locally isomorphic to Spa(R,R+) (resp.,
locally isomorphic to sheafy Spa(R,R+)). More precisely,
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Definition 1.9. Consider the category Vpre whose objects are triples
(X,OX , {| · (x)|}x∈X)
where
• X is a topological space,
• OX is a pre-sheaf of complete topological k-algebras such that the stalk
OX,x is a local ring for every x ∈ X ,
• For every x ∈ X , | · (x)| is a continuous valuation f 7→ |f(x)| on the stalk
OX,x.
The morphisms are the ones compatible with the topological k-algebra structure
on OX and compatible with the valuations.
(i) An affinoid pre-adic space is an object in Vpre isomorphic to the triple
arising from an affinoid k-algebra (R,R+).
(ii) An object X ∈ Vpre is called a pre-adic space if OX is adapted to the basis
of open affinoid subspaces. This is to say, for any open subset V ⊂ X , we
have isomorphism
OX(V )
∼
−→ lim
←−
U
OX(U)
where the limit goes through all open subsets U ⊂ V such that
(U,OX |U , {| · (x)|}x∈U )
is an affinoid pre-adic space.
(iii) An affinoid adic space (resp., adic space) X is an affinoid pre-adic space
(resp., pre-adic space) X such that OX is a sheaf.
If X is a pre-adic space, we use |X | to denote the underlying topological space.
An adic space is called locally noetherian (resp., stably uniform) if it is locally
isomorphic to Spa(R,R+) where R is strongly noetherian (resp., (R,R+) is stably
uniform). A locally noetherian and qcqs adic space is called a noetherian adic
space.
The structure sheaf of an adic space satisfies Tate’s acyclicity.
Theorem 1.10. Suppose (R,R+) is sheafy and X = Spa(R,R+), then H0(X,OX) =
R̂ and Hi(X,OX) = 0 for all i ≥ 1.
Proof. This is [KL1, Theorem 2.4.23]. 
We can view rigid analytic spaces as adic spaces.
Proposition 1.11. There is a fully faithful functor X 7→ Xad from the category of
rigid analytic spaces over k to the category of locally noetherian adic spaces over k.
In particular, it sends Sp(R) to Spa(R,R◦) for any affinoid Tate k-algebra R (in
the original sense of Tate). Moreover, if R is reduced, Spa(R,R◦) is stably uniform.
Proof. The first statement is [Sch1, Theorem 2.21] and the second statement is
from [BV]. 
The existence of fiber products of adic spaces is a subtle question. On one hand,
fiber products always exist in the category of pre-adic spaces. Indeed, suppose
X = Spa(A,A+), Y = Spa(B,B+), and Z = Spa(C,C+) are affinoid pre-adic
spaces and Y → X and Z → X are morphisms. Then Y ×X Z = Spa(D,D+)
8 HANSHENG DIAO
where D = B ⊗A C and D+ is the integral closure of the image of B+ ⊗A+ C
+ in
D. One can check that (D,D+) in indeed an affinoid k-algebra.
On the other hand, even when X,Y, Z are all sheafy, the pair (D,D+) is not
necessarily sheafy. It is known to be sheafy if either
(i) X,Y, Z are all locally noetherian; or
(ii) (D,D+) happens to be stably uniform (for example, when X,Y, Z are all
perfectoid; cf. Section 1.2).
Remark 1.12. Adic spaces in this paper are defined over a non-archimedean field.
More general adic spaces allow (R,R+) to be so-called Huber pairs, following the
original construction of Huber [Hub1]. The study of adic spaces has been signifi-
cantly developed in recent years, including Scholze’s remarkable work of diamonds.
The best references at the moment are [SW2] (based on Scholze’s lectures at Berke-
ley [Sch4]) and [Sch5]. Majority of the results in Sectoin 1, 2, 3 should extend
to these general setup. Due to the length of the paper, we leave the details to
interested readers.
For the rest of this review section, we discuss the e´tale topology on adic spaces.
Definition 1.13. (i) A morphism (R,R+)→ (S, S+) of affinoid k-algebras is
called finite e´tale if S is a finite e´tale R-algebra with the induced topology
and S+ is the integral closure of R+ in S.
(ii) A morphism f : Y → X of (pre-)adic spaces over k is called finite e´tale if
there is a cover of X by open affinoid subsets V ⊂ X such that the preimage
U = f−1(V ) is affinoid and the associated morphism of affinoid k-algebras
(OX(V ),O
+
X(V ))→ (OY (U),O
+
Y (U))
is finite e´tale.
(iii) A morphism f : Y → X of (pre-)adic spaces over k is called e´tale if for any
point y ∈ Y , there are open neighborhoods U and V of y and f(y) such
that the map f |U : U → V factors as U
j
−→ W
p
−→ V where j is an open
embedding and p is finite e´tale.
For an adic space X , there is a natural way to define the e´tale site Xe´t. The
underlying category consists of adic spaces which are e´tale over X , while the cov-
erings are the topological coverings. For Xe´t to be a well-defined site, we restrict
to those X that are e´tale sheafy.
Definition 1.14. X is called e´tale sheafy if it satisfies
(i) Fiber products exist in Xe´t.
(ii) Xe´t admits a basis C consists of adic spaces of the form Spa(R,R+) such
that C is closed under rational localizations and finite e´tale covers.
If X is e´tale sheafy, Xe´t is a well-defined site. E´tale sheafiness is known to hold
in two cases:
(i) X is locally noetherian;
(ii) X is a perfectoid space (cf. Section 1.2).
Case (i) is dicussed in [Hub1, Section 1.7]. Case (ii) is handled in [Sch1, Section
7] by proving all elements and all fiber products in Xe´t are perfectoid, and hence
fiber products exist.
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Remark 1.15. It is necessary to explain the origin of Definition 1.14 as it is
different from the ones in literature. E´tale sites are defined for locally noetherian
adic spaces in [Hub1] and for perfectoid spaces in [Sch1]. However, we would like a
more general definition. In [KL1, Section 8.2], Kedlaya-Liu defined an e´tale site Xe´t
on any pre-adic space X as well as the notion of being stably adic. It turns out the
study of coherent sheaves on their Xe´t only makes sense for those X that are stably
adic. Having this in mind, our definition of e´tale sheafiness should include the
requirement of being stably adic. In fact, our definition is essentially the same as
in [KL1], except that we only consider sheafy elements while Kedlaya-Liu consider
all pre-adic spaces.
Proposition 1.16. If X is e´tale sheafy, then the pre-sheaf OXe´t on Xe´t given by
U 7→ OU (U) is a sheaf, hence the name. Consequently, the pre-sheaves O
+
Xe´t
: U 7→
O+U (U) and O
×
Xe´t
: U 7→ O×U (U) are sheaves. Moreover, if X = Spa(R,R
+) is
affinoid, then H0(X,OXke´t) = R̂ and H
i(X,OXe´t) = 0 for all i > 0.
Proof. This follows from [KL1, Proposition 8.2.20], [KL1, Theorem 2.6.9], and The-
orem 1.10. 
We recall the definition of geometric points.
Definition 1.17. A geometric point of an adic space X is a morphism
η : ξ = Spa(l, l+)→ X
where l is a separably closed and complete non-archimedean field. When the context
is clear, we simply write ξ → X , or even ξ, for the geometric point.
In general, ξ = Spa(l, l+) may consist of more than one point. Let ξ0 be the
unique closed point of Spa(l, l+). The image of ξ0 in X under the morphism η :
ξ → X is called the support of the geometric point.
Remark 1.18. The definition in [Hub1, Definition 2.5.1] is more general than ours.
In Huber’s language, a geometric point is a pair (ξ = Spa(l, l+), ξ0), viewed as a
prepseudo-adic space. If we view the category of adic spaces as a full subcategory
of prepseudo-adic spaces via [Hub1, (1.10.2)], the two definitions coincide.
An e´tale neighborhood of η : ξ = Spa(l, l+)→ X is a commutative diagram
U
ϕ

ξ
??
 
 
 
 
 
 
 
  η // X
where ϕ is e´tale. WhenX is locally noetherian, geometric points form a conservative
family for the e´tale topology ([Hub1, Proposition 2.5.5]). For any sheaf F on Xe´t,
the stalk of F at a geometric point η : ξ → X is
Fξ := Γ(ξ, η
∗F) ∼= lim−→
F(U)
where the limit runs through all e´tale neighborhoods of ξ.
For each x ∈ X , there exists a geometric point x¯ lying above it (i.e., x is the
support of x¯). Indeed, let κ(x) be the residue field of the local ring OX,x and let
κ(x)+ be the valuation ring of κ(x) corresponding to the valuation on OX,x. Let
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κ(x) be the completion of the separable closure of κ(x) and let κ(x)+ be a valuation
ring of κ(x) that extends κ(x)+. The topologies on κ(x) and κ(x) are defined by
the valuation rings κ(x)+ and κ(x)+, respectively. Then the composition
Spa(κ(x), κ(x)+)→ Spa(κ(x), κ(x)+)→ X
defines a geometric point x¯ with support x.
Remark 1.19. By [Hub1, (1.1.6)] and [Hub1, Lemma 1.1.10], for any two points
ξ1, ξ2 ∈ Spa(l, l+), either ξ1 is a specialization of ξ2 or ξ2 is a specialization of ξ1.
The generic point of Spa(l, l+) is the unique rank-1 point Spa(l, l◦). In practice,
this sometimes allows us to work exclusively with those geometric points of rank-1.
We also recall the definition of strictly local adic spaces (cf. [Hub1, Definition
2.5.8]). Once again, Huber’s definition in the language of prepseudo-adic spaces is
more general than ours. But the two definitions coincide after restricting to the full
subcategory of adic spaces.
Definition 1.20. An adic space X = Spa(R,R+) is strictly local if R is a strictly
local ring and X contains a unique closed point x such that the support of the
valuation | · (x)| is the maximal ideal of R. (According to [Hub1, Remark 2.5.7],
this last condition forces R+ = {f ∈ R | |f(x)| ≤ 1}.)
For any locally noetherian adic space X and any geometric point ξ → X , one
can construct a strictly local adic space X(ξ) as follows. Let OX,ξ and O
+
X,ξ be the
stalks of OX and O
+
X at ξ. Let ϕ : U → X be an e´tale neighborhood of ξ such
that U is affinoid. Let R0 be a ring of definition of OU (U). Equip OX,ξ with the
topology such that ωnR0O
+
X,ξ (n ∈ Z>0) form a basis of open neighborhoods of
0. This topology makes (OX,ξ,O
+
X,ξ) an affinoid k-algebra and is independent of
choices of U and R0. Let X(ξ) = Spa(OX,ξ,O
+
X,ξ).
Let x ∈ X be the support of the geometric point ξ. By [Hub1, Lemma 2.5.13],
the completion of (OX,ξ,O
+
X,ξ) is isomorphic to (κ¯(x), κ¯
+(x)). Consequently, X(ξ)
isX-isomorphic to Spa(κ¯(x), κ¯+(x)) and in particular sheafy. Moreover, the natural
map ξ → X factors as ξ → X(ξ) → X . By [Hub1, Lemma 2.5.14], for any two
geometric points ξ, ξ′ in X , there exists an X-morphism X(ξ′)→ X(ξ) if and only
if the support of ξ′ is a generalization of the support of ξ in X .
1.2. Perfectoid spaces. This section is a short review of the theory of perfectoid
spaces. The main references are [Sch1] and [KL1, Section 3 & 8].
Definition 1.21. A perfectoid field L is a complete non-archimedean field with
residue characteristic p > 0 such that the associated valuation is non-discrete and
the Frobenius is surjective on OL/p.
Definition 1.22. Let L be a perfectoid field. Fix a pseudo-uniformizer ̟ ∈ L×
such that |p| ≤ |̟| < 1.
(i) A perfectoid L-algebra is a uniform Banach L-algebraR such that the Frobe-
nius morphism Φ is surjective on R◦/̟.
(ii) A perfectoid affinoid L-algebra is an affinoid L-algebra (R,R+) where R is
a perfectoid L-algebra.
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Definition 1.23. Let L be a perfectoid field.
(i) An affinoid perfectoid space over L is an affinoid adic space of the form X =
Spa(R,R+) where (R,R+) is a perfectoid affinoid L-algebra. According to
[Sch1, Theorem 6.3], the structure pre-sheaves OX and O
+
X are indeed
sheaves.
(ii) A perfectoid space over L is an adic space over L which is locally isomorphic
to affinoid perfectoid spaces. Morphisms between perfectoid spaces are
morphisms between adic spaces.
Unlike those adic spaces arise from rigid analytic geometry, perfectoid spaces are
notably non-noetherian.
Proposition 1.24 ([Sch1], [BV]). Perfectoid spaces are stably uniform.
Proof. Perfectoid L-algebras are clearly uniform. By [Sch1, Theorem 6.3], rational
subsets of affinoid perfectoid spaces are still perfectoid, hence uniform. 
One important fact is that adic spaces pro-e´tale locally “look like” affinoid per-
fectoid spaces. More precisely, let X = Spa(R0, R
+
0 ) be any noetherian affinoid adic
space over a perfectoid field L of characteristic 0. By the construction in [Sch2,
Proposition 4.8], there exists a cofiltered inverse system U = lim
←−
Ui → X such that
(i) The transition maps Ui = Spa(Ri, R
+
i ) → X , and Uj → Ui are all finite
e´tale surjective, and
(ii) The p-adic completion (R,R+) of lim
−→
(Ri, R
+
i ) is a perfectoid affinoid L-
algebra.
Such an inverse system is called a pro-e´tale cover of X . It turns out the perfectoid
space Û = Spa(R,R+) has the same underlying topological space as the inverse
limit U = lim
←−
Ui. In this situation, we write Û ∼ lim←−
Ui.
For later use, we adopt terminologies from almost mathematics (cf. [GR, Section
2]). Let O be a ring and m ⊂ O be an ideal such that m = m2. Let Σ be the full
subcategory of the category of O-modules consisting of all O-modules that are
m-torsion (i.e., the category of almost zero O-modules). There is a localization
functor
O −Mod→ O −Mod/Σ
where the target quotient category is called the category of almost O-modules (or,
the category of Oa-modules). For any O-module M , let Ma denote the associated
almost O-module. In particular, if L is a perfectoid field, the terminology above
applies to O = OL and the ideal of topologically nilpotent elements m ⊂ OL. (See
also [Sch1, Section 4].)
Perfectoid spaces have the following (almost) vanishing results on the cohomolo-
gies of the sturcture sheaves.
Theorem 1.25 (Theorem 6.3, [Sch1]). Let L be a perfectoid field and let X be an
affinoid perfectoid space over L. Then Hi(X,O+X)
a = 0 for all i ≥ 1. Consequently,
Hi(X,OX) = 0 for all i ≥ 1.
Theorem 1.26 (Theorems 7.12, 7.13, [Sch1]). Let L be a perfectoid field and let
X be a perfectoid space over L. Then
(i) All elements in Xe´t are perfectoid spaces.
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(ii) Fiber products exist in Xe´t, and hence Xe´t is a well-defined site.
(iii) The pre-sheaves OXe´t , O
+
Xe´t
, and O×Xe´t are sheaves.
(iv) If X is affinoid, then Hi(Xe´t,O
+
Xe´t
)a = 0 for all i ≥ 1. Consequently,
Hi(Xe´t,OXe´t) = 0 for all i ≥ 1.
On perfectoid spaces, one can perform the “tilting” process, which remarkably
relates objects in charateristic 0 to charateristic p. The tilting process is observed
by Scholze [Sch1] and Kedlaya-Liu [KL1].
For our purpose, we recall the version from [KL1]. For any perfect Fp-algebra
A, let W (A) denote the strict p-ring with W (A)/(p) ∼= A. Such W (A) is unique up
to unique isomorphism and can be constructed using Witt vectors. When A = R+
for some perfectoid affinoid algebra (R,R+) of charateristic p, we say an element
ξ =
∑∞
i=0[ai] ∈ W (R
+) is primitive of degree 1 if a0 is topologically nilpotent and
a1 is a unit in R
+.
Theorem 1.27 (Theorem 3.5.3, [KL1]). There is an equivalence of categories from
the category of perfectoid fields to the category of pairs (K, I) where K is a perfectoid
field of characteristic p and I is a principal ideal of W (OK) generated by a primitive
element of degree 1. The functor is given by
L 7→
(
L♭ = Frac
(
lim
←−
Φ
OL/(p)
)
, I = ker θ
)
where Φ is the Frobenius map x 7→ xp and θ is the natural map θ : W (OL♭)→ OL
(cf. [KL1, Definition 3.4.3]). The inverse is given by
(K, I) 7→ Frac(W (OK)/I).
The perfectoid field L♭ of characteristic p in the theorem is called the tilt of L.
Theorem 1.28 (Theorem 3.6.5, [KL1]). Let L be a perfectoid field and let L♭ be
its tilt. Let ̟, ̟♭ be pseudo-uniformizers in L×, (L♭)×, respectively. There is an
equivalence of categories from the category of perfectoid affinoid L-algebras to the
category of pairs ((A,A+), I) where (A,A+) is a perfectoid affinoid L♭-algebra and
I is a principal ideal of W (A+) generated by a primitive element of degree 1. The
functor is given by
(R,R+) 7→
(
(R♭, R♭+) =
(
(lim
←−
Φ
R+/(p))[(̟♭)−1], lim
←−
Φ
R+/(p)
)
, I = ker θ
)
where θ is the natural map θ :W (R♭+)→ R+. The inverse is given by
((A,A+), I) 7→
(
(W (A+)/I)[̟−1],W (A+)/I
)
The pair (R♭, R♭+) is called the tilt of (R,R+).
Theorem 1.29 (Theorem 6.3 [Sch1], Theorem 8.3.5 [KL1]). Let (R,R+) be a
perfectoid affinoid L-algebra with tilt (R♭, R♭+).
(i) There is a homeomorphism
X = Spa(R,R)→ X♭ = Spa(R♭, R♭+)
identifying rational subsets.
(ii) For any rational subset U ⊂ X with tilt U ♭ ⊂ X♭, the affinoid L-algebra
(OX(U),O
+
X(U)) is a perfectoid affinoid L-algebra with tilt (OX♭(U
♭),O+
X♭
(U ♭)).
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1.3. Coherent sheaves. For general adic spaces, without any finiteness assump-
tions, it is not reasonable to expect a robust theory of coherent sheaves, due to
the non-flatness of rational localizations. Therefore, in this section, we mainly
encounter locally noetherian adic spaces.
Remark 1.30. In [KL2], as a remedy for the aforementioned issue, Kedlaya-Liu
developed descent theory for pseudocoherent sheaves on general adic spaces. (See
also [Ked, Section 1.4].) We do not need this generality here. On locally noetherian
adic spaces, the notion of pseudocoherent sheaves coincides with the notion of
coherent sheaves defined below.
Definition 1.31. (i) Suppose X = Spa(R,R+) is sheafy with R complete.
(Thanks to Remark 1.5, the completeness assumption does not affect the
underlying adic spaces.) For any R-module M , we define a pre-sheaf M˜
on X by assigning M˜(U) = M ⊗R OX(U) for every open subset U ⊂ X .
According to Theorem 1.32 and Theorem 1.33 below, M˜ is a sheaf if either
(a) R is strongly noetherian andM is finitely generated; or (b)M is a finite
projective R-module.
(ii) A coherent sheaf on a locally noetherian adic space X is a sheaf F of
OX -modules such that there exists a finite covering {Ui} of X by rational
subsets, and for each i, a finitely generated OX(Ui)-module Mi = F(Ui)
such that the natural morphism M˜i → F|Ui is an isomorphism of OUi -
modules.
(iii) A vector bundle on an adic space X is a sheaf F of OX -modules such that
there exists a finite covering {Ui} of X by rational subsets, and for each
i, a finite projective OX(Ui)-module Mi = F(Ui) such that the natural
morphism M˜i → F|Ui is an isomorphism of OUi -modules.
Theorem 1.32. Suppose X = Spa(R,R+) with R strongly noetherian and com-
plete. The functor M 7→ M˜ from the category of finitely generated R-modules to the
category of coherent sheaves on X is an exact equivalence of categories, with quasi-
inverse given by F 7→ F(X). Moreover, the sheaf M˜ is acyclic; i.e., Hi(U, M˜) = 0
for all rational subsets U ⊂ X and all i ≥ 1.
Proof. This is an immediate corollary of [KL2, Theorem 2.5.1] in the strongly noe-
therian case. See also [Ked, Theorem 1.4.17]. 
Theorem 1.33. Suppose X = Spa(R,R+) is sheafy with R complete. The functor
M 7→ M˜ defines an exact equivalence from the category of finite projective R-
modules to the category of vector bundles on X, with the quasi-inverse given by
F 7→ F(X). Moreover, M˜ is acyclic.
Proof. This is [KL1, Theorem 2.7.7]. See also [Ked, Theorem 1.4.2]. 
There is a similar story for e´tale topology. Let X = Spa(R,R+) with R strongly
noetherian and complete. For any finitely generated R-module M , consider the
pre-sheaf M˜ on Xe´t assigning M˜(U) = M ⊗R OXe´t(U) for every U ∈ Xe´t. By
Theorem 1.35 below, M˜ is a sheaf. Coherent sheaves and vector bundles on Xe´t
can be defined similarly as in Definition 1.31.
Definition 1.34. Let X be a locally noetherian adic space. A coherent sheaf
(resp., vector bundle) on Xe´t is a sheaf F of OXe´t -modules such that there exists a
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finite covering {Ui} of X by Ui ∈ Xe´t, and for each i, a finitely generated (resp.,
finite projective) OXe´t(Ui)-module Mi = F(Ui) such that the natural morphism
M˜i → F|Ui is an isomorphism of OUi,e´t -modules.
Using [KL1, Proposition 8.2.20] and [KL1, Theorem 2.6.9], we immediately de-
duce analogues of Theorem 1.32 and 1.33 for e´tale topologies. In particular, e´tale
descent is effective for locally noetherian adic spaces.
Theorem 1.35. Suppose X = Spa(R,R+) with R strongly noetherian and com-
plete.
(i) For any finitely generated R-module M , the pre-sheaf M˜ on Xe´t assign-
ing M˜(U) = M ⊗R OXe´t(U), for every U ∈ Xe´t, is a sheaf. Moreover,
M˜ is acyclic; i.e., for every U ∈ Xe´t, we have H
0(U, M˜) = M˜(U) and
Hi(U, M˜) = 0 for all i ≥ 1.
(ii) The functor M 7→ M˜ defines an exact equivalence from the category of
finitely generated R-modules to the category of coherent sheaves on Xe´t.
(iii) The functor M 7→ M˜ defines an exact equivalence from the category of
finite projective R-modules to the category of vector bundles on Xe´t.
1.4. Log adic spaces. Historically, logarithmic structures emerged to deal with
geometric objects with mild singularities, treating them as if they are smooth ob-
jects. Following this path, we endow logarithmic structures on adic spaces. On
one hand, log structures on schemes have been well studied. Foundational works
include [Kat1], [Kat2], and [Ill]. A log scheme consists of a scheme X and a sheaf
of monoids on Xe´t that keeps track on the singularities. Our treatment of log adic
spaces is a straightforward generalization. For those readers who are interested in
log schemes, we refer to [Ill], [Kat1], and [Ogu2] for details.
On the other hand, we would like to include the case of perfectoid spaces. There-
fore, we shall weaken finiteness conditions at various occasions.
We start with the basics in monoid theory. All monoids in this paper are com-
mutative. The monoidal operations are usually written multiplicatively, with the
exception that N (the additive monoid of non-negative integers), Z, Q, Q≥0 are
viewed as additive monoids.
Definition 1.36. (i) A monoid P is called finitely generated if there exists a
surjection Nn → P for some n.
(ii) For any monoid P , let P ∗ denote the subgroup of invertible elements in P
and write P := P/P ∗. We say P is sharp if P ∗ = {1}.
(iii) A monoid P is quasi-integral if the natural morphism P ∗ → P gp is injective.
(iv) A monoid P is integral if the natural morphism P → P gp is injective. This
is equivalent to being cancellative; namely, ab = ac implies b = c. Clearly,
integral monoids are quasi-integral.
If, in addition, P is finitely generated, we say P is fine.
(v) A monoid P is saturated if it is integral and satisfies the following condition:
for any a ∈ P gp, if an ∈ P for some n > 0, then a ∈ P .
(vi) If P is both fine and saturated, it is called an fs monoid.
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Arbitrary inductive and projective limits exist in the category of monoids. In-
tegrality and saturated-ness are preserved under projective limits. Quotient of an
integral (resp., saturated) monoid by a submonoid is still integral (resp., satu-
rated). A monoid P is integral if and only if P is quasi-integral and P is integral
(cf. [Ogu1, Proposition I.1.2.1]1). An integral monoid P is saturated if and only if
P is saturated (cf. [Ogu1, Proposition I.1.2.3]).
For any monoid P , we define P int to be the image of P → P gp. Then the functor
P 7→ P int is the left adjoint of the forgetful functor from the category of integral
monoids to the category of all monoids. Similarly, the forgetful functor from the
category of saturated monoids to the category of all monoids admits a left adjoint
P 7→ P sat where P sat = {a ∈ P gp | an ∈ P for some n}. When P is not integral,
we abuse the notation and write P sat := (P int)sat. If P is finitely generated, so are
P int and P sat.
Those monoids that are both sharp and fs (also called toric monoids in some
literatures) will play an essential role in the paper. It is convenient to have the
following description.
Lemma 1.37. If P is a sharp fs monoid, then P gp ∼= Zr for some r, and there is an
injection P → Nr identifying P with an exact submonoid of Nr; i.e., P = P gp ∩Nr
inside (Nr)gp ∼= Zr.
Proof. It is clear that P gp ∼= Zr for some r. By [Ogu1, Corollary I.2.2.6], P can be
identified with an exact submonoid of Ns for some s. Let e1, . . . , es be the standard
basis of Ns. The monoids Ns = ⊕si=1Nei ⊂ ⊕
s
i=1Q≥0ei are naturally submonoids of
the group (Ns)gp ⊗Z Q = Qs. Moreover, P gp ⊗Z Q is also naturally identified with
a subgroup of Qs.
We want to show that P is also an exact submonoid of a monoid isomorphic to Nr.
Indeed, the intersection P ′ = (P gp ⊗Z Q) ∩ (⊕
s
i=1Q≥0ei) inside Q
s is isomorphic
to Qr≥0. Choose f1, . . . , fr ∈ P
′ such that P ′ = ⊕rj=1Q≥0fj and such that P is
contained in ⊕rj=1Nfj . We claim that P is an exact submonoid of ⊕
r
j=1Nfj.
Pick any a ∈ P gp ∩ (⊕rj=1Nfj) (with intersection taken inside Q
s). Since a ∈
⊕si=1Q≥0ei, there exists n ∈ N such that a
n ∈ Ns = ⊕si=1Nei. Hence, a
n ∈
P gp ∩ Ns = P . By the saturatedness of P , we know that a ∈ P , as desired. 
Definition 1.38. Let u1 : P → Q1 and u2 : P → Q2 be two map of monoids. The
amalgamated sum Q1 ⊕P Q2 is defined to be the pushout of
Q1
P
u1
OO
u2 // Q2
It can be constructed as the quotient of Q1 ⊕ Q2 by the relations (u1(a), 0) ∼
(0, u2(a)) for a ∈ P .
The following lemma will be useful later.
Lemma 1.39. If M is an integral monoid and f : M → Q is a surjection onto
a sharp fs monoid Q. Suppose ker(fgp) ⊂ M . Then f admits a (non-canonical)
section.
1The online lecture note [Ogu1] is soon to be published as [Ogu2]. All relevant references in this
paper will be switched to [Ogu2] once the book is published.
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In particular, for any fs monoid P , the natural projection P → P admits a
(non-canonical) section.
Proof. Since Q is sharp and fs, we have Qgp ∼= Zr for some r. Hence, the projection
fgp : Mgp → Qgp has a section s : Qgp → Mgp. We need to show that s(Q) ⊂ M .
Indeed, if q ∈ Q, choose a lift q˜ ∈M . Then (q˜)−1s(q) ∈Mgp lives in ker fgp =M .
Therefore, s(q) ∈ q˜M ⊂M , as desired. 
Let k be a complete non-archimedean field and let k+ be an open valuation sub-
ring. Let ̟ ∈ k× be a pseudo-uniformizer. All (pre-)adic spaces in this section are
defined over k.
Convention: From now on, we only work with those adic spaces X that are e´tale
sheafy. They include locally noetherian adic spaces and perfectoid spaces.
Definition 1.40. Let X be an e´tale sheafy adic space.
(i) A pre-log structure on X is a pair (M, α) withM a sheaf of (multiplicative)
monoids on Xe´t and α : M → OXe´t a morphism of sheaves of monoids.
It is called a log structure if the induced map α−1O×Xe´t → O
×
Xe´t
is an
isomorphism. In this case, the triple (X,M, α) is called a log adic space.
(When the context is clear, we simply write (X,M), or just X .)
(ii) In the special case where M = O×Xe´t and α : O
×
Xe´t
→ OXe´t is the natural
inclusion, (M, α) is called the trivial log structure.
(iii) For any pre-log structureM, one can associate a log structure aM defined
as the pushout of
O×Xe´t
α−1O×Xe´t
OO
//M
in the category of sheaves of monoids on Xe´t.
(iv) For a log structureM, letM denote the quotient sheafM =M/α−1O×Xe´t .
M is the trivial log structure if and only ifM is the constant sheaf {1}. In
general, for any log adic space (X,M), we define Xtriv to be the locus of
triviality:
Xtriv =
{
x ∈ X |Mx¯ = {1}
}
.
This is an open subspace of X .
(v) A morphism f : (Y,N , β) → (X,M, α) between two log adic spaces is a
morphism f : Y → X of adic spaces together with a morphism of sheaves of
monoids f ♯ : f−1M→N compatible with the maps α and β in the obvious
way. Let f∗M be the log structure associated to the pre-log structure
f−1M→ f−1OXe´t → OYe´t . A morphism f is called strict if f
∗M→ N is
an isomorphism.
(vi) A map of monoids u : P → Q is called exact if P = (ugp)−1(Q). A
morphism f : (Y,N ) → (X,M) is exact if for every y¯ ∈ Y , the induced
map (f∗M)y¯ → Ny¯ is exact.
For any ring R and any monoid P , let R[P ] denote the monoid algebra on P
over R. As examples, we study log adic spaces of the form Spa(R[P ], R+[P ]) where
(R,R+) is an affinoid k-algebra.
FOUNDATIONS OF LOGARITHMIC ADIC SPACES 17
Firstly, such (R[P ], R+[P ]) is indeed an affinoid k-algebra, so that Spa(R[P ], R+[P ])
is a well-defined pre-adic space.
Lemma 1.41. Suppose (R,R+) is an affinoid k-algebra with ring of definition
R0 ⊂ R. Equip R[P ] with the topology determined by ring of definition R0[P ] such
that aR0[P ] (a ∈ k×) form a basis of the open beighborhoods of 0. Then the pair
(R[P ], R+[P ]) is an affinoid k-algebra.
Proof. Clearly, R+[P ] is open in R[P ] as R+ is open in R. We only need to check
R+[P ] is integrally closed in R[P ]. Expressing P as the direct limit of its finitely
generated submonoids, it reduces to the case when P is finitely generated. But this
case is standard (see, for example, [BG, Theorem 4.42]). 
Remark 1.42. Let (R〈P 〉, R+〈P 〉) be the completion of (R[P ], R+[P ]). Since
completion of an affinoid k-algebra does not change the associated pre-adic space,
we can identify Spa(R[P ], R+[P ]) and Spa(R〈P 〉, R+〈P 〉) whenever it is convenient.
The next question is whether (R[P ], R+[P ]) is e´tale sheafy. The answer is affir-
mative if (R,R+) is strongly noetherian and P is finitely generated.
Lemma 1.43. Suppose (R,R+) is strongly noetherian, and P is finitely gener-
ated. Then R〈P 〉 is strongly noetherian. Consequently, (R[P ], R+[P ]) (equivalently,
(R〈P 〉, R+〈P 〉)) is e´tale sheafy.
Proof. Any surjection Nr → P induces a continuous surjective morphism R〈Nr〉 →
R〈P 〉. The morphism is also open as it sends ̟mR0[Nr] to ̟mR0[P ]. Therefore,
for any n, R〈P 〉〈T1, . . . , Tn〉 is noetherian as it is a quotient of
R〈Nr〉〈T1, . . . , Tn〉 ∼= R〈T1, . . . , Tr+n〉
which is noetherian by the strongly noetherian assumption on R. 
In a different direction, we show that (R〈P 〉, R+〈P 〉) is perfectoid if (R,R+) is a
perfectoid affinoid algebra and P is uniquely p-divisible, as we learned from Xinwen
Zhu. Consequently, (R〈P 〉, R+〈P 〉) is e´tale sheafy.
Definition 1.44. For a positive integer n, a monoid P is called n-divisible (resp.,
uniquely n-divisible) if the n-th power map [n] : P → P is surjective (resp., bijec-
tive).
Lemma 1.45 (Xinwen Zhu). Suppose (R,R+) is a perfectoid affinoid algebra over a
perfectoid field L, and P is uniquely p-divisible. Then (R〈P 〉, R+〈P 〉) is a perfectoid
affinoid L-algebra.
Proof. If L has characteristic p, then unique p-divisibility of P implies that R+[P ]
is perfect. So its completion R+〈P 〉 is also perfect. In this case, it is easy to see that
the ring of power-bounded elements in R〈P 〉 is exactly R◦〈P 〉. Indeed, if f ∈ R〈P 〉
and there exists r such that fp
n
∈ ̟−rR◦〈P 〉 for all n, then f ∈ ̟−r/p
n
R◦〈P 〉 for
all n. This implies f ∈ R◦〈P 〉. Therefore, (R〈P 〉, R+〈P 〉) is uniform, and thus a
perfectoid affinoid algebra.
Now assume that L has charactersitic zero. Let L♭ and (R♭, R♭+) be the tilts
of L and (R,R+), respectively. Pick p♭ ∈ OL♭ such that OL/(p) ∼= OL♭/(p
♭). By
[Sch2, Lemma 6.3], we can pick a generator ξ of ker(θ :W (R♭+)→ R+) of the form
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ξ = [p♭] +
∑∞
i=1 p
i[ai] ∈ W (L♭+) with a1 ∈ (L♭+)×. By the tilting equivalence in
Theorem 1.28, it suffices to show
R+〈P 〉 ∼=W (R♭+〈P 〉)/(ξ).
Indeed, there is a natural map θ′ : W (R♭+〈P 〉)→ R+〈P 〉 induced by
R♭+〈P 〉 → (R♭+/p♭)[P ] ∼= (R+/p)[P ]
and the universal property of the Witt vectors. Note that
W (R♭+〈P 〉)/(ξ, p) = (R♭+/p♭)[P ] ∼= (R+/p)[P ]
and W (R♭+)〈P 〉/(ξ) is p-torsion free, p-adically complete and separated. This
implies that ker θ′ is generated by ξ, as desired. 
In the case when (R[P ], R+[P ]) (equivalently, (R〈P 〉, R+〈P 〉)) is e´tale sheafy,
let X = Spa(R[P ], R+[P ]) and let PX be the constant sheaf on Xe´t defined by P .
Then the natural map P → R[P ] induces a pre-log structure PX → OXe´t on X .
We use P log to denote the associated log structure.
From now on, whenever X = Spa(R[P ], R+[P ]) (or X = Spa(R〈P 〉, R+〈P 〉)) is
viewed as a log adic space, it is always endowed with the log structure P log.
1.5. Local charts and fiber products. Let (k, k+) be an affinoid field. From
Section 1.4, we know that Spa(k[P ], k+[P ]) (equivalently, Spa(k〈P 〉, k+〈P 〉)) is e´tale
sheafy if either P is finitely generated, or k is a perfectoid field and P is uniquely
p-divisible. Using the log adic spaces (Spa(k[P ], k+[P ]), P log), we introduce the
important notion of charts.
Definition 1.46. (i) Let (X,M) be a log adic space over Spa(k, k+). Assume
either P is a finitely generated monoid, or k is a perfectoid field and P is
uniquely p-divisible. A chart of (X,M) modeled on P is a morphism of log
adic spaces
f : (X,M)→ (Spa(k[P ], k+[P ]), P log)
such that M∼= f∗P log. (i.e., f is strict.)
(ii) A coherent log adic space (resp., fine log adic space; fs log adic space) is
a log adic space (X,M) which e´tale locally admits a chart modeled on a
finitely generated monoid (resp., a fine monoid; an fs monoid). If the chart
exists on the entire X (i.e., not just e´tale locally), we say (X,M) admits a
global chart.
Let PX denote the constant sheaf on Xe´t associated to P . Giving a chart f :
(X,M, α)→ (Spa(k[P ], k+[P ]), P log) is equivalent to giving a morphism of sheaves
of monoids θ : PX →M such that
(i) The composition PX
θ
−→M
α
−→ OXe´t factors through O
+
Xe´t
.
(ii) The log structure associated to the pre-log structure α ◦ θ : PX → OXe´t
coincides with M.
Note that a morphism θ : PX →M is also equivalent to giving a morphism of
monoids P →M(X). These two descriptions of charts are used interchangeably.
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Remark 1.47. The description using θ : PX →M could be useful to define charts
for more general monoids P . For example, one may define an integral log adic space
(resp., saturated log adic space) to be a log adic space (X,M) that e´tale locally
admits a morphism θ : PX →M satisfying conditions (i) (ii) above, where P is an
integral monoid (resp., saturated monoid). We do not need these notions here.
Lemma 1.48. If (X,M, α) is a fine (resp., fs) log adic space, then for every
geometric point x¯ ∈ X, Mx¯ is fine (resp., fs) and Mx¯ is integral (rep., saturated).
Proof. We may assume (X,M, α) is modeled on a global fine (resp., fs) chart P .
In particular, we obtain a morphism θ : PX → M such that the log structure
associated to the pre-log structure α ◦ θ : PX → OXe´t coincides with M. By
definition, this implies an isomophism on the stalks P/(α ◦ θ)−1O×X,x¯
∼
−→Mx¯. The
desired results onMx¯ follow from the fact that a quotient of a fine (resp., saturated)
monoid by a submonoid is still fine (resp., saturated).
By [Ogu1, Proposition I.1.2.3], when Mx¯ is saturated, so is Mx¯. By [Ogu1,
Proposition I.1.2.1], when Mx¯ is integral, to show Mx¯ is integral, it suffices to
check that Mx¯ is quasi-integral. But this is clear as M∗x¯ = α
−1O×X,x¯ →֒ Mx¯. 
For fs log adic spaces, it is often convenient to work with sharp charts. This is
guaranteed by the next proposition.
Proposition 1.49. Fs log adic spaces e´tale locally admit charts modeled on sharp
fs monoids. In fact, around a geometric point x¯ ∈ X, we may choose the chart to
be Mx¯.
Proof. Let (X,M, α) be an fs log adic space and let x¯ ∈ X be a geometric point.
By Lemma 1.48, P =Mx¯ is a sharp fs monoid. We show that X locally admits a
chart modeled on P .
We claim that the surjection f :Mx¯ → P admits a section s such that the image
of the composition
α ◦ s : P →Mx¯ → OX,x¯
lives in O+X,x¯. Since Mx¯ is integral (cf. Lemma 1.48), the surjection f does admit
a section s by applying Lemma 1.39. However, we need to adjust s so that α◦ s(P )
lives in O+X,x¯. By [Hub3, Proposition 1.6], we have
O+X,x¯ =
{
f ∈ OX,x¯ | |f(x¯)| ≤ 1
}
.
Identifying P with an exact submonoid of Nr and let e1, . . . er be the standard basis
for Nr. Choose a large positive integer N and replace s by s′ : P →Mx¯ defined by
s′(en11 · · · e
nr
r ) = s(e
n1
1 · · · e
nr
r ) ·̟
N(n1+···+nr).
Here N is sufficiently large so that α ◦ s′(P ) ⊂ O+X,x¯.
Finally, since P is finitely generated, such a section s extends to sU : PU →M|U
for some e´tale neighborhood U of x¯ such that PU ∼= M|U and that the image of
α ◦ sU lives in O
+
U . Therefore, PU →M|U defines a local chart modeled on a sharp
fs monoid. 
Definition 1.50. Let f : Y → X be a morphism of coherent log adic spaces
over Spa(k, k+). A chart of f consists of charts X → Spa(k[P ], k+[P ]) and Y →
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Spa(k[Q], k+[Q]) together with a map of finitely generated monoids u : P → Q
such that the following diagram commute.
Y

// X

Spa(k[Q], k+[Q]) // Spa(k[P ], k+[P ])
When the context is clear, we simply call u : P → Q the chart of f . If both P
and Q are fine (resp., fs), we sometimes emphasize by calling P → Q a fine chart
(resp., fs chart).
Proposition 1.51. Any morphism between coherent log adic spaces admits charts
e´tale locally. More precisely, if f : Y → X is a morphism between coherent log adic
spaces and X admits a chart modeled on a finitely generated monoid P , then, e´tale
locally on Y , f admits a chart P → Q for some finitely generated monoid Q.
Proof. Firstly, we need the following analogue of [Ogu1, Proposition II.2.2.1].
Lemma 1.52. Let (X,M, α)→ Spa(k[S], k+[S]) be a chart with induced morphism
of sheaf of monoids θ : SX →M. Suppose there exists a finitely generated monoid
S′ such that θ factors as
SX → S
′
X
θ′
−→M
and that the image of the composition α ◦ θ′ lands in O+X . Then, e´tale locally on
X, there exists a chart (X,M) → Spa(k[S′′], k+[S′′]) for some finitely generated
monoid S′′ such that θ′ factors through the induced morphism θ′′ : S′′X →M.
Proof of Lemma 1.52. The proof is similar to [Ogu1, Proposition II.2.2.1] except,
compare to log schemes, charts on log adic spaces are subject to an additional
requirement that the image of α ◦ θ lands in O+X .
Let {s′i}i∈I be a finite set of generators of S
′. Since S →M(X) is surjective, by
restricting to an e´tale neighborhood if necessary, there exists si ∈ S and fi ∈ O
×
X(X)
such that θ′(s′i) = θ(si)fi for all i ∈ I. Recall that for every geometric point x¯ ∈ X ,
we have
O+X,x¯ =
{
f ∈ OX,x¯ | |f(x¯)| ≤ 1
}
.
By restricting to an e´tale neighborhood, we may assume for every i, at least one
of fi and f
−1
i lives in O
+
X . Consider the morphism S
′ ⊕ NI → M(X) sending
(s′i, 0) 7→ θ(si) and sending{
(0, ei) 7→ fi if fi ∈ O
+
X
(0, ei) 7→ f
−1
i if fi 6∈ O
+
X but f
−1
i ∈ O
+
X .
Let S′′ be the quotient of S′ ⊕ NI modulo the relations{
(s′i, 0) ∼ (β(si), ei) if fi ∈ O
+
X
(s′i, ei) ∼ (β(si), 0) if fi 6∈ O
+
X but f
−1
i ∈ O
+
X .
where β denotes the morphism S → S′. It is clear that S′ ⊕ NI →M(X) factors
through a morphism θ′′ : S′′ →M(X) and that the image of the composition α◦θ′′
lands in O+X .
It remains to check that the log structure aS′′X associated to the pre-log structure
α ◦ θ′′ : S′′X → M → OX coincides with M; i.e., the natural map
aSX → aS′′X
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induced from S → S′′ is an isomorphism. It is injective because the composition
aSX → aS′′X →M is an isomorphism. For surjectivity, it suffices to show S → S
′′
is surjective. But this is clear as S′′ is generated by s¯′i’s with preimages s¯i ∈ S.

Back to the proof of Proposition 1.51. We may assume (X,MX), (Y,MY )
are modeled on finitely generated monoids P and Q′, respectively. The induced
morphisms on sheaves of monoids fit into a commutative diagram
PY

// (P ⊕Q′)Y

f∗MX //MY
Note that P⊕Q′ is finitely generated and the image of the composition (P⊕Q′)Y →
MY → OY lands in O
+
Y . Applying Lemma 1.52 to S = Q
′, S′ = P ⊕Q′, we know
that, e´tale locally, (P ⊕Q′)Y →MY factors through
(P ⊕Q′)Y → QY →MY
where QY → MY defines a chart (Y,MY ) → Spa(k[Q], k
+[Q]). Therefore, the
composition P → P ⊕Q′ → Q gives a chart of f . 
Remark 1.53. If one consider more general non-coherent charts as in Remark 1.47,
charts between morphisms of “charted” log adic spaces do not necessarily exist.
Proposition 1.54. Any morphism between fine (resp., fs) log adic spaces e´tale
locally admits fine charts (resp., fs charts). More precisely, if f : Y → X is a
morphism between fine (resp., fs) log adic spaces and X admits a chart modeled on
a fine (resp., fs) monoid P , then, e´tale locally on Y , f admits a chart P → Q for
some fine (resp., fs) monoid Q.
Proof. Firstly, assume f : Y → X is a morphism between fine log adic spaces.
By Proposition 1.51, f admits a chart P → Q with Q finitely generated (but not
necessarily fine). We claim that Qint is also a chart of Y and hence the composition
P → Q → Qint is a chart of f . Indeed, by Lemma 1.48, the stalks of MY are
integral. This implies that Q → MY factors through Qint → MY . We need
to verify that the induced map on associated log structures aQ → aQint is an
isomorphism. Indeed, it is surjective as Q→ Qint is. It is also injective as Q→MY
factors through Qint.
Now assume f : Y → X is a morphism between fs log adic spaces and let P → Q
be a chart as above with Q fine (but not necessarily saturated). We claim that Qsat
is also a chart of Y and hence the composition P → Q→ Qsat is a chart of f . Indeed,
by Lemma 1.48, the stalks of MY are saturated. This implies that Q → MY
factors through Qsat → MY . It is also clear that the image of the composition
Qsat →MY → OY lands in O
+
Y as O
+
Y is integrally closed in OY . We need to verify
that the induced map on associated log structures aQ→ aQsat is an isomorphism.
It suffices to check on the stalks and show that Q/β−1O×Y,y¯ → Q
sat/(β′)−1O×Y,y¯
is an isomorphism where β, β′ denote the compositions Q → MY,y¯ → OY,y¯ and
Qsat →MY,y¯ → OY,y¯, respectively. The morphism is clearly injective as β factors
through β′. Moreover, consider the natural map
h : Qsat/(β′)−1O×Y,y¯ → (Q/β
−1O×Y,y¯)
sat, a¯ 7→ a¯
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where (Q/β−1O×Y,y¯)
sat is identified with the subgroup of a¯ ∈ Qgp/(β−1O×Y,y¯)
gp such
that na¯ ∈ Q/β−1O×Y,y¯ for some n. The map h is well-defined and injective because
(β−1O×Y,y¯)
gp ∩Qsat = (β′)−1O×Y,y¯.
This implies Qsat/(β′)−1O×Y,y¯ maps injectively into (Q/β
−1O×Y,y¯)
sat ∼= M
sat
Y,y¯ =
MY,y¯, as desired. 
For the rest of the section, we study fiber products in the category of locally
noetherian coherent (resp., fine; fs) log adic spaces.
Lemma 1.55. (i) The embedding from the category of locally noetherian fine
log adic spaces over k to the category of locally noetherian coherent log adic
spaces over k admits a right adjoint X 7→ X int.
(ii) The embedding from the category of locally noetherian fs log adic spaces over
k to the category of locally noetherian fine log adic spaces over k admits a
right adjoint X 7→ Xsat.
Proof. (i) First we assume that (X,M) is affinoid and admits a global chart mod-
eled on a finitely generated monoid P . In this case, we have
X int = X ×Spa(k[P ],k+[P ]) Spa(k[P
int], k+[P int]),
with log structure determined by the chart modeled on P int. The construction is
independent of choice of P . Indeed, we have
O(X int) = OX(X)⊗k[P ] k[P
int] = OX(X)⊗M(X) (M(X))
int
and O+(X int) is the integral closure of O+X(X) in O(X
int). Also notice that
O(X int) = OX(X)⊗k[P ] k[P
int] is finite over OX(X).
In general, choose an e´tale covering of X by affinoids Xi = Spa(Ri, R
+
i ) where
each Xi admits a global chart modeled on a fine monoid. Consider X˜ = ⊔Xi.
We obtain a finite morphism X˜ int → X˜, equipped with a descent datum. By
e´tale descent (cf. Theorem 1.35), X˜ int descends to a locally noetherian adic space
X int → X . The sheaf of monoids also descends. By Proposition 1.51, the formation
X 7→ X int is functorial.
(ii) The proof is similar to (i). When X is affinoid and admits a global chart
modeled on a fine monoid P , we have
Xsat = X ×Spa(k[P ],k+[P ]) Spa(k[P
sat], k+[P sat]),
with log structure determined by the chart modeled on P sat. The construction is
independent of the choice of P as
O(Xsat) = OX(X)⊗k[P ] k[P
sat] = OX(X)⊗M(X) (M(X))
sat
and O+(Xsat) is the integral closure of O+X(X) in O(X
sat). Notice that O(Xsat) =
OX(X)⊗k[P ] k[P
sat] is finite over OX(X). For general X , the same descent process
in (i) applies. Finally, by Proposition 1.54, the formation X 7→ Xsat is functorial.

Proposition 1.56. (1) Fiber products exist in the category of locally noether-
ian coherent log adic spaces. The forgetful functor from the category of
locally noetherian coherent log adic spaces to the category of locally noe-
therian adic spaces respects fiber products.
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(2) Fiber products exist in the category of locally noetherian fine (resp., fs) log
adic spaces.
Proof. (i) Let Y → X and Z → X be morphisms of locally noetherian coher-
ent log adic spaces. The fiber product Y ×X Z in the category of locally
noetherian coherent log adic spaces can be described as follows. The un-
derlying adic space coincides with the fiber product Y ×X Z in the category
of locally noetherian adic spaces. Let prX , prY , prZ be the natural projec-
tions from Y ×X Z to X,Y, Z, respectively. The log structure MY×XZ on
Y ×X Z is induced by the pre-log structure
pr−1Y MY ⊕pr−1
X
MX
pr−1Z MZ → OY×XZ .
We claim that Y ×X Z constructed above is locally modeled on a finitely
generated monoid. By Proposition 1.51, e´tale locally, Y → X and Z → X
admit charts P → Q and P → R where P,Q,R are all finitely generated.
Then Y ×X Z is modeled on the monoid Q ⊕P R, which is again finitely
generated.
(ii) Let Y → X and Z → X be morphisms of locally noetherian fine (resp., fs)
log adic spaces. The fiber product Y
fine
× X Z (resp., Y
fs
×X Z) is given by
(Y ×X Z)int (resp., ((Y ×X Z)int)sat)where Y ×X Z is the fiber product in
the category of coherent log adic spaces.

Remark 1.57. The forgetful functor from the category of locally noetherian fs log
adic spaces to the category of locally noetherian adic spaces does not respect fiber
products because the underlying adic spaces changed under the saturation process.
Convention: From now on, all fiber products of locally noetherian fs log adic
spaces are taken in the category of fs ones unless otherwise specified. To save
notations, we drop the label “fs” from
fs
×.
1.6. Properties of morphisms.
Definition 1.58. Let (R,R+) be a complete affinoid k-algebra. For any n > 0,
recall that
R〈T1, . . . , Tn〉 =
{ ∑
i1,...,in≥0
ai1,...,inT
i1
1 · · ·T
in
n ∈ R[[T1, . . . , Tn]]
∣∣ ai1,...,in → 0}
Define R〈T1, . . . , Tn〉+ to be the integral closure of{∑
ai1,...,inT
i1
1 · · ·T
in
n ∈ R〈T1, . . . , Tn〉
∣∣ ai1,...,in ∈ R+}
in R〈T1, . . . , Tn〉. This defines a complete affinoid k-algebra
(R,R+)〈T1, . . . , Tn〉 := (R〈T1, . . . , Tn〉, R〈T1, . . . , Tn〉
+)
Clearly, if Spa(R,R+) is noetherian, so is Spa((R,R+)〈T1, . . . , Tn〉).
We adopt the follow definitions from [Hub1, Section 1.2] and [Hub3, Section 3].
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Definition 1.59. (i) A morphism f : (A,A+) → (B,B+) between complete
affinoid k-algebras is called topologically of weakly finite type if there exists
n > 0 and a surjective continuous open ring homomorphism
g : A〈T1, . . . , Tn〉 → B
such that f : A→ B factors through
A→ A〈T1, . . . , Tn〉
g
−→ B.
(ii) A morphism f : (A,A+) → (B,B+) between complete affinoid k-algebras
is called topologically of finite type if there exists g : A〈T1, . . . , Tn〉 → B as
in (i) satisfying an additional condition that B+ is the integral closure of
g(A〈T1, . . . , Tn〉+) in B.
(iii) A morphism f : Y → X of locally noetherian adic spaces is called locally
of weakly finite type, or lwft (resp., locally of finite type, or lft) if for every
y ∈ Y , there exists open affinoid subspaces y ∈ V ⊂ Y and U ⊂ X such
that f(V ) ⊂ U and
(OX(U),O
+
X(U))→ (OY (V ),O
+
Y (V ))
is topologically of weakly finite type (resp., topologically of finite type).
(iv) A morphism f : Y → X of locally noetherian adic spaces is called locally
of finite presentation, or lfp if for every y ∈ Y , there exists open affinoid
subspaces y ∈ V ⊂ Y and U ⊂ X such that f(V ) ⊂ U and
(OX(U),O
+
X(U))→ (OY (V ),O
+
Y (V ))
is topologically of finite type and OX(U)→ OY (V ) is of finite presentation.
By [Hub1, Corollary 1.2.3], for any cartesian diagram
Y ′ //
g

Y
f

X ′ // X
of adic spaces over k, f is lft (resp., lwft, lfp) if and only if g is.
Definition 1.60. (i) A complete affinoid k-algebra (R,R+) is called topologi-
cally of weakly finite type (resp., topologically of finite type) if it is topolog-
ically of weakly finite type (resp., topologically of finite type) over (k,Ok).
This definition coincides with [Sch1, Definition 2.6].
(ii) An adic space over k is called lwft (resp., lft) if it is lwft (resp., lft) over
Spa(k,Ok).
Remark 1.61. Those adic spaces arise from rigid analytic geometry are lft; namely,
for any rigid analytic variety X over k, the adic space Xad is lft (cf. Proposi-
tion 1.11).
Definition 1.62. Let f : Y → X be a morphism between adic spaces. We say f is
smooth if for every y ∈ Y and x = f(y) ∈ X , there exist affinoid open neighborhoods
x ∈ V = Spa(R,R+) ⊂ X and y ∈ U ⊂ f−1(V ) such that f |U : U → V factors as
U
g
−→ Spa((R,R+)〈T1, . . . , Tn〉)→ V = Spa(R,R
+)
with g e´tale.
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Using local charts, we can define log smooth and log e´tale morphisms.
Definition 1.63. Let f : Y → X be a morphism between locally noetherian fs
log adic spaces over Spa(k, k+). We say f is log smooth (resp., log e´tale) if, e´tale
locally on X , f admits an fs chart u : P → Q such that
(i) kernel and the torsion part of cokernel (resp., kernel and cokernel) of ugp :
P gp → Qgp are finite groups of order coprime to the characteristic of k,
and
(ii) the induced morphism
Y → X ×Spa(k[P ],k+[P ]) Spa(k[Q], k
+[Q])
is e´tale on the underlying adic spaces.
Proposition 1.64. (i) Base changes of log smooth (resp., log e´tale) morphisms
(by arbitrary morphisms between locally noetherian fs log adic spaces) are
still log smooth (resp., log e´tale).
(ii) Compositions of log smooth (resp., log e´tale) morphisms are still log smooth
(resp., log e´tale).
Proof. (i) Suppose Y → X is log smooth (resp., log e´tale) with a chart P →
Q satisfying the conditions in Definition 1.63. Let Z → X be another
morphism. By Proposition 1.54, e´tale locally, Z → X admits an fs chart
P → R. To show that Y ×X Z → Z is log smooth (resp., log e´tale), it
suffices to show that Rgp →
(
(Q ⊕P R)sat
)gp
has kernel and the torsion
part of cokernel (resp., kernel and cokernel) being finite groups of order
coprime to the characteristic of k. However, this follows immediately from(
(Q ⊕P R)sat
)gp
= Qgp ⊕P gp Rgp and the assumption on P gp → Qgp.
(ii) follows from the next proposition.

Proposition 1.65. Let f : Y → X be a log smooth (resp., log e´tale) morphism of
locally noetherian fs log adic spaces. Suppose X is modeled on a global fs chart P .
Then, e´tale locally on X, there exists an injective fs chart u : P → Q of f satisfying
the conditions in Definition 1.63. Moreover, if P is torsion-free, we can choose Q
to be torsion-free.
Proof. This is an analogue and a stronger version of [Kat3, Lemma 3.1.6].
Suppose f admits a chart u′ : P ′ → Q′ satisfying the conditions in Defini-
tion 1.63. We may assume that PX → MX factors through P ′X → MX . Indeed,
by Proposition 1.54, there exists an fs chart P ′′ of X such that (P ⊕ P ′)X →MX
factors through P ′′X →MX . Let Q
′′ be (P ′′ ⊕P ′ Q′)sat. Then the diagram
Spa(k[Q′′], k+[Q′′])

// Spa(k[P ′′], k+[P ′′])

Spa(k[Q′], k+[Q′]) // Spa(k[P ′], k+[P ′])
is cartesian in the category of locally noetherian fs log adic spaces. Hence, P ′′ → Q′′
is also an fs chart of f satisfying the conditions in Definition 1.63.
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Secondly, we may assume u′ : P ′ → Q′ is injective. Indeed, let K be the kernel
of u′gp and let H be a group such that the following diagram is cartesian
P ′gp //

H

P ′gp/K // Q′gp
Locally around y¯, let Q′′ be the preimage of MY,y¯ under H → M
gp
Y,y¯. Note that
Q′′ is fs and P ′ → Q′′ is injective. We claim that, e´tale locally, P ′ → Q′′ is an fs
chart of f satisfying the conditions in Definition 1.63. In fact,
Y → X ×Spa(k[P ′],k+[P ′]) Spa(k[Q
′′], k+[Q′′])
is log e´tale and (e´tale locally around y¯) strict, hence e´tale.
Thirdly, around y¯ ∈ Y and x¯ = f(y¯) ∈ X , we may assume P ′/P ′∗ ∼= MX,x¯
and Q′/Q′∗ ∼=MY,y¯. Indeed, this can be achieved by taking the localization of P ′
(resp., Q′) with respect to the kernel of
P ′ → P ′/P ′∗ →MX,x¯
resp.,
Q′ → Q′/Q′∗ →MY,y¯.
After localization, u′ : P ′ → Q′ still satisfies the conditions in Definition 1.63.
Now, following the same argument as in [Niz, Lemma 2.8], (by further localiza-
tion on P ′ and Q′ if necessary) we can find H fitting into the cartesian diagram
P gp //

H

P ′gp // Q′gp
More precisely, consider the commutative diagram with exact rows
0 // P gp //

H

// J // 0
0 // P ′gp //

Q′gp //

J // 0
0 // G // I // J // 0
where G is the cokernel of P gp → P ′gp and the bottom left square is cartesian. To
construct H , it suffices to show I → J admits a section. Let Z/nZ ⊂ J be a direct
summand and let a ∈ I be a preimage of a generator c of Z/nZ. Then g = an ∈ G.
By assumption, P ′/P ′∗ ∼=MX,x¯ and P gp maps surjectively ontoM
gp
X,x¯, there exists
a lift g˜ ∈ P ′∗ of g ∈ G. Consider the group U obtained by joining the n-th roots of
g˜ into P ′∗ and replace P ′, Q′ by the pushouts P ′ ← P ′∗ → U and Q′ ← Q′∗ → U .
(Notice that both pushouts are fs.) Under this replacement, g = h1/n for some
h ∈ G. Therefore, Z/nZ→ I sending c to a/h is a section.
Given such an H , let Q be the preimage of MY,y¯ under H → M
gp
Y,y¯. Then
u : P → Q is an injective fs chart of f satisfying the conditions of Definition 1.63.
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Finally, if P is torsion-free, we can take Q to be torsion-free as well. This
argument is learnt from [Nak2, Proposition A.2]. Choose a decomposition Q ∼=
Q1 ⊕ Qtor where Qtor is the torsion submonoid of Q. Consider two morphisms
P → Q: one is u : P → Q and the other is the composition
u′ : P → Q = Q1 ⊕Qtor
pr
−→ Q1 → Q1 ⊕Qtor
where pr is the projection onto the first factor and the last map is the natural
inclusion. It is clear that u1 : P → Q
pr
−→ Q1 is injective as P it torsion-free.
Claim: There exists a surjective e´tale morphism
Spa(B,B+)→ Spa(k[Qtor], k
+[Qtor])
with base change
Spa(B[Q1], B
+[Q1])→ Spa(k[Q], k
+[Q])
such that the two compositions
Spa(B[Q1], B
+[Q1])→ Spa(k[Q], k
+[Q])
u
⇒
u′
Spa(k[P ], k+[P ])
are isomorphic.
Proof of the claim: Suppose the cokernel of ugp is annihilated by some integer
n invertible in k. The image of the difference ϕ := u − u′ : P → Q lives in Qtor.
Let B be the ring obtained from k[Qtor] by joining q
1
n for q ∈ Qtor and let B+ be
the integral closure of k+[Qtor] in B. Since the cokernel of u
gp
1 is annihilated by n,
the map ϕ : P → Qtor extends to ϕ˜ : Q1 → (B
×)tor. The desired automorphism of
Spa(B[Q1], B
+[Q1]) is given by a 7→ ϕ˜(a)a for a ∈ Q1. This completes the proof of
the claim.
Given such an e´tale map Spa(B,B+)→ Spa(k[Qtor], k+[Qtor]), we see that
Y ×Spa(k[Qtor],k+[Qtor]) Spa(B,B
+)
is e´tale over
X ×Spa(k[P ],k+[P ]) Spa(B[Q1], B
+[Q1])
which is e´tale over
X ×Spa(k[P ],k+[P ]) Spa(k[Q1], k
+[Q1])
as desired. 
Corollary 1.66. If f : Y → X is log smooth (resp., log e´tale) and strict, then f is
smooth (resp., e´tale) on the underlying adic spaces.
Proof. By Proposition 1.65, we may assume f : Y → X admits an injective fs
chart P → Q satisfying the conditions in Definition 1.63. It suffices to show that
Spa(k[Q], k+[Q]) → Spa(k[P ], k+[P ]) is smooth (resp., e´tale). By localization, we
may also assume that P ∼=MX,x¯ ∼=MY,y¯ ∼= Q. In particular, the following diagram
is carteisan
P // Q
P ∗
OO
// Q∗
OO
It remains to show Spa(k[Q∗], k+[Q∗]) → Spa(k[P ∗], k+[P ∗]) is smooth (resp.,
e´tale). But this is standard. 
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If f satisfies the condition in Corollary 1.66, we say f is strictly smooth (resp.,
strictly e´tale). When the context is clear, we simply say smooth (resp., e´tale).
Moreover, it is clear that log smooth morphisms are lfp.
Definition 1.67. A locally noetherian fs log adic space over k is called log smooth
if it is log smooth over Spa(k,Ok) where Spa(k,Ok) is endowed with trivial log
structure.
Local structures of log smooth log adic spaces can be described through toric
charts.
Proposition 1.68. Let X be a log smooth fs log adic space over k. Then, e´tale
locally on X, there exists a sharp fs monoid P , and a strictly e´tale morphism
X → Spa(k[P ],Ok[P ]), which is a composition of rational localizations and finite
e´tale morphisms.
Proof. By definition, e´tale locally on X , there exists an fs monoid Q whose torsion
part has order coprime to the characteristic of k such that X → Spa(k〈Q〉,Ok〈Q〉)
is e´tale. We may further assume that X → Spa(k〈Q〉,Ok〈Q〉) is a composition of
rational localizations and finite e´tale maps. By Lemma 1.39, there is a decomposi-
tion
Q = Q⊕Q∗ = Q⊕Q∗tor−free ⊕Qtor
∼= Q⊕ Zr ⊕Qtor
for some r. Hence,
k〈Q〉 ∼= k〈Q〉⊗̂kk〈W
±
1 , . . . ,W
±
r 〉 ⊗k k〈Qtor〉.
Since k〈Qtor〉 is e´tale over k, we may assume Qtor is trivial. Let P = Q ⊕ Nr. By
localization and re-centering W1, . . . ,Wr into the invertible locus of W1, . . . ,Wr,
we obtain a composition
X → Spa(k〈Q〉⊗̂kk〈W
±
1 , . . . ,W
±
r 〉,Ok〈Q〉⊗̂OkOk〈W
±
1 , . . . ,W
±
r 〉)
→֒ Spa(k〈Q〉⊗̂kk〈W1, . . . ,Wr〉,Ok〈Q〉⊗̂OkOk〈W1, . . . ,Wr〉)
∼= Spa(k〈P 〉,Ok〈P 〉)
where the inclusion is a rational localization. This gives the desired chart. 
Consider the n-dimensional unit disk
Dn = Spa(k〈T1, . . . , Tn〉,Ok〈T1, . . . , Tn〉)
endowed with the log structure associated to the pre-log structure
Nn → k〈T1, . . . , Tn〉; (a1, . . . , an) 7→ T
a1
1 · · ·T
an
n .
Corollary 1.69. Let X be a log smooth fs log adic space over k and suppose the
underlying adic space |X | is smooth. Then e´tale locally on X there exists a strictly
e´tale map X → Dn which is a composition of rational localizations and finite e´tale
maps.
Proof. By the proof of Proposition 1.68, e´tale locally, we have a strictly e´tale mor-
phism
X → Spa(k〈Q〉⊗̂kk〈W
±
1 , . . . ,W
±
r 〉,Ok〈Q〉⊗̂OkOk〈W
±
1 , . . . ,W
±
r 〉)
which is a composition of rational localizations and finite e´tale maps. By localiza-
tion, we may assume the composition
X → Spa(k〈Q〉⊗̂kk〈W
±
1 , . . . ,W
±
r 〉,Ok〈Q〉⊗̂OkOk〈W
±
1 , . . . ,W
±
r 〉)→ Spa(k〈Q〉,Ok〈Q〉)
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is surjective, and thus Spa(k〈Q〉,Ok〈Q〉) is itself smooth. This implies Q ∼= Nt for
some t (cf. [BG, Proposition 4.45]), and k〈Q〉 ∼= k〈T1, . . . , Tt〉. Therefore, we obtain
an inclusion
X →֒ Spa(k〈Q〉⊗̂kk〈W1, . . . ,Wr〉,Ok〈Q〉⊗̂OkOk〈W1, . . . ,Wr〉) = D
t+r
which is a composition of rational localizations and finite e´tale morphisms. To
check X → Dt+r is strict, we need to verify that the log structure associated to the
pre-log structure
Nt+r → k〈T1, . . . , Tt,W1, . . . ,Wr〉 → OX
coincides with the one associated to Q ∼= Nt. This is clear asX lives in the invertible
locus of W1, . . . ,Wr. 
Definition 1.70. A map X → Spa(k[P ],Ok[P ]) as in Proposition 1.68 is called a
toric chart. A map X → Dn as in Corollary 1.69 is called a smooth toric chart.
The following special case is useful in many applications.
Example 1.71. Let X be a smooth adic space over k and ι : D →֒ X a closed
immersion such that, analytic locally, X and D are of the form X ∼= S × Dm and
D ∼= S × {T1 · · ·Tm = 0} where S is a smooth connected affinoid adic space over k
and ι is the pullback of the natural embedding {T1 · · ·Tm = 0} →֒ D
m. In this case,
we say that D is a (reduced) normal crossing divisor of X. (This definition
is justified by [Kie, Theorem 1.18].)
We equip X with the log structure defined by D; i.e.,
MX = {f ∈ OXe´t | f is invertible on X −D}.
In this case, analytic locally (not just e´tale locally), X admits a smooth toric chart
X → Dn where n = dimX. Indeed, we may assume there is a map (of adic spaces
with trivial log structures)
S → Tn−m = Spa(k〈W±1 , . . . ,W
±
n−m〉,Ok〈W
±
1 , . . . ,W
±
n−m〉)
which is a composition of finite e´tale maps and rational localizations. Then the
composition
X ∼= S × Dm → Tn−m × Dm →֒ Dn−m × Dm = Dn
is strict and hence a smooth toric chart.
2. Kummer e´tale topology
2.1. The Kummer e´tale site.
Definition 2.1. A map u : P → Q of saturated monoids is called Kummer if it is
injective and
(i) For any a ∈ Q there is a positive integer n such that an lies in the image
of u.
(ii) Qgp/ugp(P gp) is a finite group.
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Definition 2.2. A map f : Y → X of locally noetherian fs log adic spaces over
Spa(k, k+) is called Kummer e´tale (resp., finite Kummer e´tale) if e´tale locally on
X and Y (resp., e´tale locally on X) there exists an fs chart u : P → Q of f such
that
(i) the map of monoids u : P → Q is Kummer and Qgp/ugp(P gp) is annihilated
by some positive integer n invertible in k, and
(ii) the induced map
Y → X ×Spa(k[P ],k+[P ]) Spa(k[Q], k
+[Q])
is an e´tale morphism (resp., finite e´tale morphism) on the underlying adic
spaces.
Such a chart P → Q is called a Kummer chart of f . A Kummer e´tale map is called
a Kummer e´tale cover if it is surjective.
Remark 2.3. For our purpose, we are content with the locally noetherian fs case.
Definition 2.2 may be extended to more general log adic spaces and suitable P , Q
such that all adic spaces involved are e´tale sheafy. We do not need this generality.
Lemma 2.4. Let f : Y → X be a Kummer e´tale morphism of locally noetherian
fs log adic spaces. Suppose X is modeled on an fs monoid P . Then f admits a
Kummer chart P → Q satisfying the conditions in Definition 2.2. Moreover, if P
is torsion-free (resp., sharp), we can choose Q to be torsion-free (resp., sharp).
Proof. The same argument in Proposition 1.65 still apply. More precisely, let
P ′ → Q′ be a Kummer chart of f satisfying the conditions in Definition 2.2. By lo-
calization, we may assume P ′ =MX,x¯ and Q′ =MY,y¯ for y¯ ∈ Y and x¯ = f(y¯) ∈ X .
According to the construction in Proposition 1.65, we can find a group H fitting
into the cartesian diagram
P gp //

H

P ′gp // Q′gp
Let Q be the preimage of MY,y¯ under H →M
gp
Y,y¯. Then u : P → Q is a Kummer
chart of f satisfying the conditions in Definition 2.2.
By the last part in Proposition 1.65, if P is torsion-free, we can choose Q to be
torsion-free. Lastly, if P is sharp, Q must be sharp. Indeed, if q ∈ Q∗, then there
exists n such that qn, (q−1)n ∈ P . Since P ∗ = {1}, this forces qn = (q−1)n = 1.
Therefore, q = 1 as Q is torsion-free. 
Corollary 2.5. A morphism f : Y → X of locally noetherian fs log adic spaces is
Kummer e´tale if and only if it is log e´tale and exact.
Proof. If f is Kummer e´tale, it is clearly log e´tale. By Proposition 1.49, X locally
admits a chart modeled on P =MX,x¯. By Lemma 2.4, f admits a Kummer chart
P → Q satisfying the condition in Definition 2.2 and such that Q is sharp. To
check f∗MX,x¯ →MY,y¯ is exact, by [Ogu1, Lemma I.4.1.3], it suffices to check that
MX,x¯ →MY,y¯ is exact for f(y¯) = x¯. But this is clear as MY,y¯ is a quotient of Q
and P → Q is exact.
Conversely, assume f is log e´tale and exact. Once again, we may assume X
admits a chart modeled on P = MX,x¯. By Proposition 1.65, we may assume f
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admits an injective fs chart u : P → Q satisfying the conditions in Deifinition 1.63.
By localization, we may also assume Q = MY,y¯. By [Ogu1, Lemma I.4.1.3], u
is exact as u¯ is. Recall that the cokernel of ugp is annihilated by some integer
invertible in k. This, together with exactness, implies that u is Kummer. 
As a corollary, we see that Kummer-ness can be observed at stalks.
Corollary 2.6. Let f : (Y,MY ) → (X,MX) be a Kummer e´tale morphism of
locally noetherian fs log adic spaces over k. Then for any y¯ ∈ Y and x¯ = f(y¯),
the induced map of sharp fs monoids MX,x¯ → MY,y¯ is Kummer with cokernel
annihilated by some positive integer invertible in k.
Proof. By Corollary 2.5, f∗MX,x¯ →MY,y¯ is exact, hence so is g :MX,x¯ →MY,y¯
(by [Ogu1, Lemma I.4.1.3]).
It remains to show that the cokernel of ggp is annihilated by some positive integer
invertible in k. We may assume X admits a chart modeled on P = MX,x¯. By
Lemma 2.4, f admits a Kummer chart u : P → Q with Q sharp. Since Q→MY,y¯
is surjective, the cokernel of ggp is annihilated by the same integer that annihilates
the cokernel of ugp. 
Given Lemma 2.6, the ramification index of f at y¯ is defined to be the smallest
positive integer n that annihilates the cokernel ofMX,x¯ →MY,y¯. The ramification
index of a Kummer e´tale morphism f is the least common multiple of the ramifi-
cation indices among y¯ ∈ Y . The ramification index is 1 if and only if f is strictly
e´tale.
Proposition 2.7. (Finite) Kummer e´tale morphisms are stable under composi-
tions and base change by arbitrary morphisms between locally noetherian fs log adic
spaces.
Proof. Stablity under composition follows from Lemma 2.4.
To prove stablity under base change, we need to prove the following: if P → Q is
Kummer and P → R is any morphism between fs monoids, then R→ (R⊕P Q)sat
is Kummer. The map is injective as the injection R → Rgp ⊕P gp Qgp factors
through (R ⊕P Q)sat. Finally, the Kummer-ness of R → (R ⊕P Q)gp follows from
the Kummer-ness of P → Q. 
To study the local structures of Kummer e´tale morphisms, it is key to understand
the standard Kummer e´tale covers.
Proposition 2.8. Let X be a locally noetherian log adic space over Spa(k, k+),
endowed with a chart modeled on an fs monoid P . Let u : P → Q be a Kummer
map of fs monoids such that the group G = Qgp/ugp(P gp) is annihilated by an
integer n invertible in k. Consider the fiber product
Y = X ×Spa(k[P ],k+[P ]) Spa(k[Q], k
+[Q]).
Then the natural projection f : Y → X is a Kummer e´tale Galois cover with Galois
group G. More precisely, consider the group object
GX = Spa(OX [G],O
+
X [G])
in the category of locally noetherian fs adic spaces (it is an analogue of a diagonaliz-
able group scheme). Then Y is endowed with an action of GX by X-automorphism
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such that the map
GX ×X Y → Y ×X Y, (g, y) 7→ (y, gy)
is an isomorphism. Moreover, the map f is finite (in the sense of [Hub1, (1.4.4)]),
open, and surjective.
Proof. Following the proof of [Ill, Lemma 3.3], we have an identity
(Q⊕P Q)
sat ∼= Q⊕G.
Hence, the action of GX on Y induces an isomorphism GX ×X Y → Y ×X Y ,
(g, y) 7→ (y, gy). It remains to prove that f is finite, open, and surjective. Notice
that X coincides with the categorical quotient Y/G; i.e., Hom(X,Z) = Hom(Y, Z)G
for any locally noetherian fs adic space Z. This can be verified on the affinoid ring
level and boils down to k〈Q〉G = k〈P 〉, which is clear as
k〈Q〉G = k〈Q〉 ∩ (k〈Qgp〉)G = k〈Q〉 ∩ k〈P gp〉 = k〈P 〉,
The last identity follows from the Kummer assumption and that P is saturated.
By [Han, Theorem 1.1], we know that f is finite, surjective, and X has the
quotient topology of Y . Let U ⊂ Y be an open subset. We need to show f−1(f(U))
is open in Y . However, f−1(f(U)) =
⋃
g∈G gU which is a finite union of open
subsets. 
Kummer e´tale covers f : Y → X as in Proposition 2.8 are called standard
Kummer e´tale covers.
Corollary 2.9. Kummer e´tale morphisms are open on the underlying topological
spaces.
Proof. By definition, Kummer e´tale morphisms locally are compositions of standard
Kummer e´tale covers and strictly e´tale morphisms, both of which are open. 
For a locally noetherian fs log adic space X , we define the Kummer e´tale site
Xke´t. The underlying category consists of fs log adic spaces which are Kummer
e´tale over X , and the morphisms are morphisms of log adic spaces over X . The
coverings are the topological coverings. If X is equipped with trivial log structure,
Xke´t is nothing new but the classical e´tale site Xe´t.
For Xke´t to be a well-defined site, one need to verify that base change of a
covering is still a covering. Recall that Kummer e´tale morphisms are exact. It
suffices to prove the following analogue of Nakayama’s “Four Point Lemma” [Nak1,
Proposition 2.2.2].
Lemma 2.10. Let f : Y → X and g : Z → X be two morphisms of locally
noetherian fs log adic spaces and assume f is exact. Suppose y ∈ Y , z ∈ Z are two
points which map to the same point x ∈ X. Then there exists w ∈ W = Y ×X Z
which maps to y in Y and maps to z in Z.
Proof. Looking at the geometric points, we reduce to the case where X,Y, Z are
themselves geometric points and x, y, z are the corresponding unique closed points.
Using [Hub1, Lemma 1.1.10 (iv)], we reduce to prove the following.
Lemma 2.11. Suppose f : Y → X and g : Z → X are morphisms of fs log adic
spaces such that on the underlying adic spaces, X, Y , Z are Spa(l, l+) for the same
complete separably closed non-archimedean field l, and f , g are identities. Assume
that f is exact. Then W = Y ×X Z is non-empty.
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Proof of Lemma 2.11. Let x¯, y¯, z¯ be the unique closed points of X,Y, Z, respec-
tively, and let P = MX,x¯, Q = MY,y¯, R = MZ,z¯ . Let u : P → Q and v : P → R
be the corresponding maps of monoids. By [Ogu1, Lemma I.4.1.3], u is exact.
Consider the map ϕ : P gp → Qgp ⊕ Rgp sending a 7→ (ugp(a), vgp(a)−1). Using
the fact that u is exact and R is sharp, we deduce that ϕ−1(Q ⊕ R) is trivial. By
[Nak1, Lemma 2.2.6], the amalgamated sum Q ⊕P R is pseudo-integral
2 and the
natural map P → Q⊕P R is injective.
We claim that f and g admit charts modeled on u : P → Q and v : P →
R. Consequently, the morphisms f∗MX → MY and g∗MX → MZ are (non-
canonically) isomorphic to id⊕ u : l×⊕ P → l×⊕Q and id⊕ v : l×⊕ P → l×⊕R.
To prove the claim, it suffices to find compatible morphisms (MX(X))gp → l×
(resp., (MY (Y ))gp → l×, (MZ(Z))gp → l×) such that the composition
l× → (MX(X))
gp → l×
(resp., l× → (MY (Y ))gp → l×, l× → (MZ(Z))gp → l×) is an identity. Such
morphisms exist by the proof of [Nak1, Lemma 2.2.3].
Let S be the amalgamated sum Q⊕PR, which is both sharp and pseudo-integral.
Then
W = Spa(l, l+)×Spa(l[S],l+[S]) Spa(l[S
sat], l+[Ssat]).
We claim that the kernel of l[S] → l[Ssat] is contained in l[S\{1}]. Indeed, the
kernel is generated by
{a− b | a, b ∈ S such that a = b in Sint}
which is contained in l[S\{1}] as S is pseudo-integral. On the other hand, the image
of Spa(l, l+) → Spa(l[S], l+[S]) consists of those valuations on l[S] whose support
contains l[S\{1}]. Therefore, W is non-empty, as desired. 

Proposition 2.12. Let X be a locally noetherian fs log adic space. Then
(i) Morphisms between elements in Xke´t are automatically Kummer e´tale.
(ii) Xke´t is a well-defined site.
(iii) The Kummer e´tale topology on X is generated by the surjective classical
e´tale families and the standard Kummer e´tale covers.
Proof. (i) Suppose f : Z → Y is a morphism in Xke´t and g : Y → X , h : Z → X
are the corresponding morphisms. By Corollary 2.5, it suffices to prove that f is
log e´tale and exact. Exactness is clear as both g and h are exact.
Assume g and h admit Kummer charts P → Q and P → R. According to the
proof of Lemma 1.54, f admits a chart Q → R′ such that Q ⊕ R → MZ factors
through R′ → MZ . One checks from the construction that the chart Q → R
′
satisfies the conditions in Definition 1.63, hence f is log e´tale.
(ii) It remains to show that fiber products of elements in Xke´t are still Kummer
e´tale over X . But this follows from Proposition 2.7. (iii) follows immediately from
the definition. 
2A monoid P is called pseudo-integral if it satisfies the following property: for any a, b ∈ P , ab = a
implies b = 1. This terminology is not standard. Such monoids are called quasi-integral in [Nak1].
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Later in the paper, we constantly make use of Proposition 2.12(iii) to reduce
the discussions to the classical e´tale case and the standard Kummer e´tale covers.
Often, since the e´tale case is already known, we are left with explicit calculations
with respect to standard Kummer e´tale covers.
2.2. Coherent sheaves. Consider the pre-sheaf OXke´t on Xke´t defined by U 7→
OU (U). It turns outOXke´t is indeed a sheaf. According to a well-known unpublished
result of Kato [Kat2], OXke´t is a sheaf in the case of log schemes. The proof for log
adic space is similar, and will be presented in this section along with other Kummer
e´tale descent results. As a corollary, the pre-sheaf O+Xke´t sending U 7→ O
+
U (U) is
also a sheaf.
Definition 2.13. (i) For any saturated torsion-free monoid P and any posi-
tive integer n, let P
1
n be the saturated torsion-free monoid such that the
inclusion P →֒ P
1
n is isomorphic to the n-th power map [n] : P → P .
(ii) Let X be a locally noetherian log adic space over k modeled on a torsion-
free fs monoid P and let n be a positive integer invertible in k. We define
log adic space
X
1
n = X ×Spa(k[P ],k+[P ]) Spa(k[P
1
n ], k+[P
1
n ])
endowed with the natural chart modeled on P
1
n .
In Section 2.2-2.3, we are interested in various log e´tale descent questions. Since
the classical e´tale descent results are known (cf. Section 1.3), Lemma 2.14 below
allows us to reduce the descent questions to standard Kummer e´tale covers, or even
those covers of type X
1
n → X .
Lemma 2.14. Let X be a noetherian affinoid log adic space over k modeled on a
sharp fs monoid P . Let {Ui}i∈I → X be a Kummer e´tale covering with I finite.
Then there exists a positive integer n invertible in k and a Kummer e´tale covering
{Vi}i∈I → X refining {Ui} → X such that each Vi → X admits chart P → P
1
n . In
particular, {Vi ×X X
1
n } → X
1
n is an e´tale covering.
Proof. By Lemma 2.4, we may assume {Ui} → X is an e´tale covering such that
each Ui → X admits a Kummer chart P → Qi with Qi sharp. Let n be a positive
integer such that P → P
1
n factors through all P → Qi. Say P → Qi
αi−→ P
1
n . Then
Vi = Ui ×Spa(k[Qi],k+[Qi]),αi Spa(k[P
1
n ], k+[P
1
n ])
is the desired covering. In particular, by Proposition 2.8,
Vi ×X X
1
n ∼= Vi ×
X
1
n
(X
1
n ×X X
1
n ) ∼= Vi ×
X
1
n
G
(with G = (P
1
n )gp/P gp) is e´tale over X
1
n . 
Lemma 2.15 (Abhyankar’s Lemma). Suppose X be a noetherian affinoid log adic
space over k, modeled on a sharp fs monoid P . Let f : Y → X be a (finite)
Kummer e´tale map of affinoid log adic spaces. Then there exists a positive integer
n invertible in k such that Y ×X X
1
n → X
1
n is strictly (finite) e´tale.
Proof. According to Lemma 2.4, there exists an e´tale covering {Yi}i∈I → Y indexed
by a finite set I such that each Yi → X admits a Kummer chart ui : P → Qi. Since
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there are only finitely many i, there exists a sufficiently large n such that P → P
1
n
factors through all P → Qi. Hence, Yi ×X X
1
n → X
1
n admits a chart
(Qi ⊕P P
1
n )sat ∼= ((Qi ⊕P Qi)⊕Qi P
1
n )sat ∼= Gi ⊕ P
1
n → P
1
n
where Gi = (Qi)
gp/ugpi (P
gp). In particular, Yi×X X
1
n → X
1
n is e´tale. The desired
result follows from classical e´tale descent. 
Now we prove that OXke´t is a sheaf for any locally noetherian fs log adic space.
The proof is essentially the same as in the case of log schemes (see the unpublished
paper [Kat2]). Since the ideas will become useful later, we present a sketch of the
proof here.
Theorem 2.16. Let X be a locally noetherian fs log adic space. Then
(i) The pre-sheaves OXke´t and O
+
Xke´t
are sheaves.
(ii) If X is affinoid, then Hi(X,OXke´t) = 0 for all i > 0.
Proof. (i) It suffices to prove the statement for OXke´t . Since the sheafiness for
e´tale topology is known for all locally noetherian adic spaces, it reduces to
check the exactness of
0→ OXke´t(X)→ OXke´t(Y )→ OXke´t(Y ×X Y )
for standard Kummer e´tale covers Y → X on affinoid fs log adic spaces.
This follows from Lemma 2.17 below.
(ii) By acyclicity for e´tale cohomology (cf. Proposition 1.16) and by Proposi-
tion 1.49, we reduce to the case where X admits a global sharp fs chart
P .
We further reduce to the calculation using Cˇech covers of type X
1
n →
X for n invertible in k. Indeed, by Cˇech cohomology theory, the dif-
ference between lim
−→
Hˇi(X
1
n /X,OXke´t) and H
i(X,OXke´t) is detected by
lim
−→
Hj(X
1
n ,OXke´t) for all j > 0. Let α be a cohomology class in some
Hj(X
1
n ,OXke´t). Suppose α dies in H
j(Z,OXke´t) for some Kummer e´tale
covering Z → X
1
n . By Lemma 2.14, we may assume there is a factorization
Z → X
1
mn → X
1
n
where the first map is strictly e´tale. This means the image of the cohomol-
ogy class α in Hj(X
1
mn ,OXke´t) is trivialized by an e´tale covering. However,
we know that Hj((X
1
mn ),O
(X
1
mn )e´t
) = 0. Therefore, α must be zero in the
direct limit lim
−→
Hj(X
1
n ,OXke´t), as desired.
Finally, vanishing of Cˇech cohomology for cover X
1
n → X follows from
Lemma 2.17 below.

Lemma 2.17. Let X be an affinoid noetherian fs log adic spaces over k, modeled
on a global sharp fs chart P . Suppose Y → X is a standard Kummer e´tale cover.
Then the sequence
C•(Y/X) : 0→ OXke´t(X)→ OXke´t(Y )→ OXke´t(Y ×X Y )→ · · ·
is exact.
36 HANSHENG DIAO
Proof. This is [Niz, Lemma 3.28], following the idea of [Kat2, Lemma 3.4.1]. Sup-
pose Y → X is given by a Kummer chart u : P → Q. The main idea is to first
make use of Proposition 2.8 to identify
OXke´t(Y ×X Y ×X · · · ×X Y )
∼= OXke´t(Y )×G× · · · ×G
whereG = Qgp/ugp(P gp). Under this identification, the transition maps ofC•(Y/X)
can be written explicitly. It turns out one can construct an explicit contracting ho-
motopy for this chain complex. For details, we refer to [Niz, Lemma 3.28]. 
We have the following immediate corollary on comparisons between analytic,
e´tale, and Kummer e´tale topologies.
Corollary 2.18. Let X be a locally noetherian fs log adic space. Let εan : Xke´t →
Xan and εe´t : Xke´t → Xe´t be the natural projections of sites. Then we have
Rεan,∗OXke´t = OXan and Rεe´t,∗OXke´t = OXe´t.
The pre-sheaf of monoids MXke´t is also a sheaf on Xke´t.
Proposition 2.19. Let X be a locally noetherian fs log adic space. Then the pre-
sheaf MXke´t assigning U 7→ MU (U) is a sheaf on Xke´t.
Proof. The proof is similar to [Kat2, Lemma 3.5.1]. We sketch the proof here. Since
MX is already a sheaf on the e´tale topology, it suffices to show the exactness of
0→MX(X)→MY (Y )⇒MY×XY (Y ×X Y )
where
• X = Spa(R,R+) with R a complete local ring;
• X admits a chart modeled on a sharp fs monoid P ;
• Y → X is a standard Kummer e´tale cover induced by a Kummer chart
u : P → Q such that the cokernel of ugp is annihilated by a positive integer
invertible in k.
By Proposition 1.49 and Lemma 2.4, we may assume both P , Q are sharp and
P =MX,x¯.
Write R′ = OY (Y ) and R′′ = OY×XY (Y ×XY ). By definition, R
′ = R⊗k〈P 〉k〈Q〉
and, by Proposition 2.8, we have identification
R′′ = R ⊗k〈P 〉 k〈(Q ⊕P Q)
sat〉 ∼= R⊗k〈P 〉 k〈Q⊕G〉
where G = Qgp/ugp(P gp). Let I (resp., I ′, I ′′) be the ideal of R (resp., R′, R′′)
generated by the image of P\{1} (resp., Q\{1}, Q\{1}). Let V (resp., V ′, V ′′)
be the subgroup of elements in R× (resp., (R′)×, (R′′)×) that are congruent to 1
modulo I (resp., I ′, I ′′).
By Lemma 2.17, the sequence 0 → R → R′ ⇒ R′′ is exact, and hence so is
0 → R× → (R′)× ⇒ (R′′)×. This implies the exactness of 0 → V → V ′ ⇒ V ′′
since R×/V ∼= R/I ∼= R′/I ′ ∼= (R′)×/V ′. It remains to show
0→MX(X)/V →MY (Y )/V
′
⇒MY×XY (Y ×X Y )/V
′′
is exact. However, this sequence can be identified with
0→ P ⊕ (R/I)× → Q⊕ (R/I)× ⇒ Q⊕ ((R/I)[G])×
where the middle map is induced by P → Q and the last double arrows are (q, x) 7→
(q, x) and (q, x) 7→ (q, qx). The exactness follows from the exactness of
0→ P → Q⇒ Q⊕G
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where the last double arrows are q 7→ (q, 1) and q 7→ (q, q mod P gp). 
As a corollary, we show that representable pre-sheaves are sheaves on Xke´t. The
log scheme version can be found in [Ill, Theorem 2.6] which traces back to [Kat2,
Theorem 3.1].
Corollary 2.20. Let Y → X be a morphism of locally noetherian fs log adic spaces.
Then the pre-sheaf HomX(−, Y ) sending T 7→ HomX(T, Y ) is a sheaf on Xke´t.
Proof. We follow the idea of [Kat2, Theorem 3.1]. It suffices to show that the
pre-sheaf Hom(−, Y ) on Xke´t sending T 7→ Hom(T, Y ) is a sheaf. This is because
HomX(−, Y ) is just the subsheaf of X-equivariant sections in Hom(−, Y ). We may
assume that Y = (Spa(R,R+),MY ) is affinoid and is modeled on a sharp fs monoid
P . Let P →MY (Y ) be the chart.
Consider the following three pre-sheaves F,G,H on Xke´t:
F (T ) = Hom
((
R,R+
)
,
(
OT (T ),O
+
T (T )
))
G(T ) = Hom
(
P,MT (T )
)
, H(T ) = Hom
(
P,OT (T )
)
where the first Hom is taken in the category of affinoid k-algebras and the last two
are taken in the category of monoids.
We claim that F,G,H are all sheaves on Xke´t. To deal with F , it suffices to
show that F ′ : T 7→ Homcont(R,OT (T )) is a sheaf, where the homomorphisms
are continuous ring homomorphisms. Then one can further reduce to showing
F ′′ : T 7→ Hom(R,OT (T )) is a sheaf where we consider all ring homomorphisms.
Choose a presentation
R = k[Ti ; i ∈ I]/(fj ; j ∈ J).
Then F ′′(T ) is the kernel of OT (T )I → OT (T )J , which is a sheaf on Xke´t as
T 7→ OT (T ) is. To prove the statement for G and H , consider a presentation of the
monoid P
Nr ⇒ Ns → P → 0.
(Such a presentation exists for every finitely generated monoid by [Ogu1, Theorem
I.2.1.9].) Then G(T ) (resp., H(T )) is the equalizer of
MT (T )
s
⇒MT (T )
r
(resp., OT (T )s ⇒ OT (T )r). Both pre-sheaves are sheaves on Xke´t as T 7→ MT (T )
and T 7→ OT (T ) are (cf. Theorem 2.16 and Proposition 2.19).
Finally, notice that T 7→ Hom(T, Y ) is the fiber product of F → H ← G, and
hence a sheaf. The first arrow is induced by P → R and the second is induced by
MT (T )→ OT (T ). This completes the proof. 
For the rest of the section, we study coherent sheaves on the Kummer e´tale site.
Definition 2.21. Let X be a locally noetherian fs log adic space.
(i) An OXke´t -module F is called an analytic coherent sheaf if it is isomorphic
to the inverse image of a coherent sheaf on the analytic site of X .
(i) An OXke´t -module F is called a coherent sheaf if there exists a Kummer
e´tale covering {Ui} → X such that each F|Ui is an analytic coherent sheaf.
Remark 2.22. We emphasize that Kiehl’s glueing property fails for Kummer e´tale
coherent sheaves. In particular, a Kummer e´tale coherent sheaf is not necessarily
the pullback of an analytic coherent sheaf.
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The following results are analogues of [Kat2, Proposition 6.5], the proof of which
is completed in [Niz, Propsition 3.27].
Theorem 2.23. Let X be an affinoid noetherian fs log adic space and let F be an
analytic coherent sheaf of OXke´t-modules. Then H
i(Xke´t,F) = 0 for all i > 0.
Proof. By the same argument as in Theorem 2.16 and by the result on the e´tale
topology (cf. Theorem 1.35), the proof reduces to the exactness of
C•F (Y/X) : 0→ F(X)→ F(Y )→ F(Y ×X Y )→ · · ·
where X is modeled on a sharp fs chart P and Y → X is a standard Kummer e´tale
cover. Note that C•F(Y/X) is just the tensor product of the chain complex C
•(Y/X)
in Lemma 2.17 with Γ(X,F). Since the contracting homotopy used in the proof of
Lemma 2.17 (originally constructed in [Niz, Lemma 3.28]) is Γ(X,OX)-linear, the
complex C•F (Y/X) is also exact. 
Theorem 2.24. Let X be an affinoid noetherian log adic space which admits a
global chart modeled on an fs monoid. Let F be a coherent sheaf of OXke´t-modules.
Then Hi(Xke´t,F) = 0 for all i > 0.
Proof. We may assume X is modeled on a sharp fs monoid P . By definition,
there exists a Kummer e´tale covering {Ui} → X such that F|Ui is an analytic
coherent sheaf. By Lemma 2.14 and the acyclicity result on the e´tale topology
(cf. Theorem 1.35), we may assume F|U is an analytic coherent sheaf with U =
X
1
n for some n invertible in k. Let G = (P
1
n )gp/P gp. We further reduce to the
vanishing of Hˇi(C•F (X
1
n /X)). Indeed, the difference between Hˇi(C•F (X
1
n /X)) and
Hi(Xke´t,F) is detected by all Hj((X
1
n ×X · · ·×XX
1
n )ke´t,F), which all vanish due
to Theorem 2.23.
Finally, by identifying
OXke´t(X
1
n ×X X
1
n ×X · · · ×X X
1
n ) ∼= OXke´t(X
1
n )×G× · · · ×G
as in the proof of Lemma 2.17, we have Hˇi(C•F (X
1
n /X)) ∼= Hi(G,F(X
1
n )). The
last group cohomology vanishes because G is a finite group of order coprime to the
characteristic of k. 
Kummer e´tale descent of objects (coherent sheaves, log adic spaces, etc.) are
usually not effective, mainly because fiber products of Kummer e´tale covers do not
corrrespond to fiber products of structure rings. Here is a standard counterexample.
Example 2.25. Consider the unit disk D = Spa(k〈T 〉,Ok〈T 〉) equipped with the log
structure modeled on the chart N→ k〈T 〉, 1 7→ T . Let fn : D→ D be the standard
Kummer e´tale map induced by the chart N → N, 1 7→ n where n is coprime to
the characteristic of k. By Proposition 2.8, fn is a standard Kummer e´tale Galois
cover with Galois group H = µn. Consider the ideal sheaf I of the origin. This is
a line bundle on D which is µn-invariant. However, I does not descent down to D
on the base.
Kummer e´tale descent of morphisms are more satisfactory.
Proposition 2.26. Let X be a locally noetherian fs log adic space and let f : Y →
X be a Kummer e´tale cover. Let pr1, pr2 : Y ×X Y → Y be the natural projections.
Suppose E and F are analytic coherent sheaves on X. If g′ : f∗E → f∗F is a
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morphism on Y such that pr∗1g
′ = pr∗2g
′ on Y ×X Y . Then there exists a unique
morphism g : E → F such that f∗g = g′.
Proof. By Lemma 2.14 and e´tale descent, we reduce to the case where X is affinoid
and Y → X is standard Kummer e´tale cover. We need to show that
0→ HomA(M,N)→ HomB(B ⊗A M,B ⊗A N)⇒ HomC(C ⊗A M,C ⊗A N)
is exact, where A = Γ(X,OX), B = Γ(Y,OXke´t), C = Γ(Y ×X Y,OXke´t), M =
Γ(X, E), and N = Γ(X,F).
Equivalently, we need to show
0→ HomA(M,N)→ HomA(M,B ⊗A N)⇒ HomA(M,C ⊗A N)
is exact. Notice that the sequence
0→ N → B ⊗A N → C ⊗A N
is exact because it is just the first three terms in C•F (Y/X) as in the proof of
Theorem 2.24. This concludes the proof by using the left exactness of HomA(M,−).

To wrap up the section, we introduce a convenient basis for the Kummer e´tale
topology.
Definition 2.27. Let X be a locally noetherian fs log adic space over k. Let B be
the full subcategory of Xke´t consisting of those affinoid adic spaces V such that V
admits a chart modeled on an fs monoid. Then B is a basis for Xke´t and we have
an isomorphism of topoi X∼ke´t
∼
−→ B∼. (By [SGA4, III. Theorem 4.1], it suffices to
show every element in Xke´t has a covering by objects in B. But this is clear.).
Lemma 2.28. Let X be a locally noetherian fs log adic space over k. Suppose F
is a rule that functorially assigns to each V ∈ B a finite OV (V )-module F(V ) such
that
F(V )⊗OV (V ) OV ′(V
′)
∼
−→ F(V ′)
for all (i) e´tale maps V ′ → V ; (ii) standard Kummer e´tale covers V ′ → V . Then
F defines an analytic coherent sheaf on Xke´t via Definition 2.27.
Proof. This follows from Kiehl’s glueing property in e´tale topology (cf. Theo-
rem 1.35). 
2.3. Descent of Kummer e´tale covers. For any locally noetherian fs log adic
space X , let Xfke´t be the full subcategory of Xke´t consisting of those log adic spaces
that are finite Kummer e´tale over X . Let Fke´t be the fibered category over the
category of locally noetherian fs log adic spaces over k such that Fke´t(X) = Xfke´t.
The goal of this section is to show that Kummer e´tale surjective morphisms are
effective descent for Fke´t. This result in the context of log schemes is well-known
but difficult to find in the literature. For our purpose, we are going to adopt some
of the main strategies from [Sti], one of a few places that contain a proof of the
aforementioned result.
We first study finite Kummer e´tale covers of log points. The definition of log
points is parallel to the one of log schemes.
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Definition 2.29. (i) A log point is a log adic space whose underlying adic
space is Spa(l, l+) where l is a complete non-archimedean field over k. No-
tice that the underlying adic space Spa(l, l+) may consist of more than one
point. An fs log point is a log point which is an fs log adic space.
(ii) For a log point x, we write
◦
x for the underlying adic space.
(iii) A log geometric point is a log point ζ = (Spa(l, l+),M, α) such that
(a) l is a separably closed and complete non-archimedean field;
(b) If we write M = Γ(Spa(l, l+),M) and M = M/l×, then the n-th
power map on M is bijective for all positive integers n invertible in l.
(iv) Let X be a locally noetherian fs log adic space. A log geometric point of
X is a morphism of log adic spaces η : ζ → X where ζ is a log geometric
point.
(v) A Kummer e´tale neighborhood of a log geometric point η : ζ → X is a
commutative diagram
U
ϕ

ζ
??
 
 
 
 
 
 
 
  η // X
where ϕ : U → X is Kummer e´tale.
For every geometric point ξ of X , there exists a log geometric point ξ˜ lying
above it (i.e., on the underlying adic spaces, the morphism ξ˜ → X factors through
ξ → X). Indeed, let ξ : Spa(l, l+)→ X be a geometric point. By Proposition 1.49,
we may assume X admits a chart X → Spa(k[P ], k+[P ]) modeled on a sharp fs
monoid P . We endow Spa(l, l+) with the log structure P log associated to the pre-
log structure P → OX → l. In particular, (Spa(l, l+), P log) is an fs log point with a
chart Spa(l, l+)→ Spa(k[P ], k+[P ]). Abusing the notation, we still use ξ to denote
this fs log point. Adopting the notation in Definition 2.13, for every positive integer
m, let P
1
m be the sharp monoid such that the inclusion P →֒ P
1
m is isomorphic to
the m-th power map [m] : P → P . Consider
ξ(
1
m
) :=
(
Spa(l, l+)×Spa(k[P ],k+[P ]) Spa(k[P
1
m ], k+[P
1
m ])
)
red
,
equipped with the natural log structure modeled on P
1
m . Notice that ξ(
1
m
) is
different from ξ
1
m in the sense of Definition 2.13 as we are taking the reduced
subspace. The underlying adic space of ξ(
1
m
) is actually isomorphic to Spa(l, l+).
Let P
1
∞ = lim
−→
P
1
m with the direct limit over all positive integers m invertible in k.
The desired log geometric point is given by
ξ˜ = lim
←−
ξ(
1
m
)
where the inverse limit runs through all positive integers m invertible in k. The
underlying adic space of ξ˜ is isomorphic to Spa(l, l+), endowed with the natural log
structure modeled on P
1
∞ .
Corollary 2.30. Let X be a locally noetherian fs log adic space. Log geometric
points of X form a conservative family for the Kummer e´tale topology.
For any profinite group G, let G−FSets denote the category of finite sets (with
discrete topology) endowed with a continuous action of G.
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Let l be a separably closed field. For any positive integer m invertible in l,
let µm(l) be the group of m-th roots of unity in l and let µ(l) := lim−→
µm(l). We
also consider the profinite group Ẑ′(1)(l) := lim
←−
µm(l) where the inverse limit runs
through all positive integers m invertible in l.
Proposition 2.31. Let ξ = (Spa(l, l+),M) be an fs log point with l complete
and separably closed. Let ξ˜ be a log geometric point constructed as above. Let
M = Γ(ξ,M) and M =M/l×. Then the functor Fξ˜ : Y 7→ Homξ(ξ˜, Y ) induces an
equivalence
ξfke´t ∼= Hom(M
gp
, Ẑ′(1)(l))− FSets.
Proof. Let P = M , a sharp and fs monoid. By Lemma 1.39, we have a splitting
M = l× ⊕ P such that P
1⊕id
−−−→ l× ⊕ P = M defines a chart for ξ. For every m
invertible in l, the cover ξ(
1
m
) → ξ is given by
M = l× ⊕ P
id⊕[m]
−−−−→M = l× ⊕ P.
Notice that any finite Kummer e´tale cover of ξ is a finite disjoint union of fs log
adic spaces of the form
ξQ = ξ ×Spa(k[P ],k+[P ]) Spa(k[Q], k
+[Q])
where P → Q is a Kummer map of sharp fs monoids and whose cokernel is annihi-
lated by an integer invertible in k. We have
Fξ˜(ξQ) = Homξ(ξ˜, ξQ)
∼= HomP (Q, l
× ⊕ P
1
∞ ) ∼= Hom(Qgp/P gp, µ(l)).
The last group has a natural transitive action of
Autξ(ξ˜) = HomP (P
1
∞ , l×) ∼= Hom((P
1
∞ )gp/P gp, µ(l))
∼= lim←−
m
Hom(P gp ⊗Z (
1
m
Z/Z), µm(l)) ∼= Hom(P
gp, Ẑ′(1)(l))
Hence the functor Fξ˜ is well-defined.
We need to check that Fξ˜ is fully faithful. For simplicity, let Π denote the
category of Hom(M
gp
, Ẑ′(1)(l)) − FSets. Since it suffices to work with connected
components, it suffices to show that for any Q1, Q2, the natural map
(2.3.1) Homξ(ξQ1 , ξQ2)→ HomΠ(Hom(Q
gp
1 /P
gp, µ(l)),Hom(Qgp2 /P
gp, µ(l)))
is an isomorphism. Note that
Homξ(ξQ1 , ξQ2)
∼= HomP (Q2, l
× ⊕Q1).
By the unique divisibility of P
1
∞ , the sharp monoids Q1, Q2 can be viewed as sub-
monoids of P
1
∞ . If Q2 6⊂ Q1, then both sides of (2.3.1) are zero. Otherwise, assume
Q2 ⊂ Q1. Then (2.3.1) sends the natural inclusion Q2 →֒ Q1 in HomP (Q2, l
×⊕Q1)
to the map induced by restriction from Qgp1 /P
gp to Qgp2 /P
gp. Also notice that both
sides are principally homogeneous under the action of
Autξ(ξQ2)
∼= Hom(Q
gp
2 /P
gp, µ(l))
hence (2.3.1) is an isomorphism.
Finally, we check essential surjectivity. Any discrete finite set S with a continuous
action of
Hom(P gp, Ẑ′(1)(l)) ∼= Hom((P
1
∞ )gp/P gp, µ(l))
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can be decomposed into a disjoint union of subsets with a transitive action of the
group. Therefore, we may assume the action on S is transitive. This implies that
S is a quotient space of Hom((P
1
∞ )gp/P gp, µ(l)) and, by Pontryagin duality, is
equivalent to giving a finite subgroup G ⊂ (P
1
∞ )gp/P gp. Let
Q = {a ∈ P
1
∞ | a mod P gp lives in G}.
Then Qgp/P gp = G and Fξ˜(ξQ) = S, as desired.

Let (X,M) be a locally noetherian fs log adic space. Let ξ = Spa(l, l+) be a
geometric point of the underlying adic space of X and let X(ξ) be the associated
strictly local adic space (constructed at the end of Section 1.1). Let M =Mξ and
M = M/l×. Abusing the notations, we view ξ and X(ξ) as log adic spaces by
equipping the log structures pullback from X via ξ → X(ξ)→ X . Let ξ˜ be the log
geometric point constructed above.
Proposition 2.32. The functor Hξ˜ : Y 7→ HomX(ξ˜, Y ) induces an equivalence
X(ξ)fke´t ∼= Hom(M
gp
, Ẑ′(1)(l))− FSets.
Moreover, we have Hξ˜ = Fξ˜ ◦ ι
∗ where Fξ˜ is the isomorphism in Proposition 2.31
and ι∗ : X(ξ)fke´t → ξfke´t is the natural restriction map induced by ι : ξ → X(ξ).
Proof. It suffices to check ι∗ is an equivalence. Write P = M and X(ξ) =
Spa(R,R+). By Lemma 1.39, we can choose a splitting M = R× ⊕ P such that
P
1⊕id
−−−→ R× ⊕ P = M defines a chart for X(ξ). Note that elements in X(ξ)fke´t
(resp., elements in ξfke´t) are finite disjoint unions of
X(ξ)Q = X(ξ)×Spa(k[P ],k+[P ]) Spa(k[Q], k
+[Q])
(resp., ξQ) where P → Q is a Kummer map of sharp monoids. Then ι∗ sends X(ξ)Q
to ξQ and hence essentially surjective. To see ι
∗ is fully faithful, it suffices to check
HomX(ξ)(X(ξ)Q1 , X(ξ)Q2)→ Homξ(ξQ1 , ξQ2 )
is an isomorphism. By definition, X(ξ)Qi = Spa(RQi , R
+
Qi
) for i = 1, 2 where
RQi = R⊗k[P ] k[Q] are strictly local rings with residue field l. Therefore,
HomX(ξ)(X(ξ)Q1 , X(ξ)Q2)
∼= HomP (Q2, R
×
Q2
⊕Q1)
=HomP (Q2, l
× ⊕Q1) ∼= Homξ(ξQ1 , ξQ2)

Now we prove the main result of the section; namely, Kummer e´tale covers are
effective descent for the fibered category Fke´t.
Theorem 2.33. Let X be a locally noetherian fs log adic space and let f : Y → X
be a Kummer e´tale cover. Let pr1, pr2 : Y ×X Y → Y be the natural projections.
Suppose there is Z ′ ∈ Yfke´t and an isomorphism pr∗1Z
′ → pr∗2Z
′ satisfying cocycle
condition. Then there exists a unique Z ∈ Xfke´t such that Z ′ = Z ×X Y .
Proof. By e´tale descent and glueing, we reduce to the case where X is affinoid
modeled on a sharp fs chart P , and where Y → X is a standard Kummer e´tale cover
induced by a Kummer map of sharp monoids u : P → Q. By Proposition 2.8, Y →
X is a Galois cover with Galois group G = Qgp/ugp(P gp). Using the isomorphism
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Y ×X Y ∼= G × Y (cf. Proposition 2.8), the descent datum is equivalent to a
continuous G-action on Z ′. Let Z ′ = (Spa(R,R+),MZ′). We claim that the log
adic space Z = (Spa(RG, (R+)G), (MZ′)G) gives the desired descent.
By [Han, Theorem 1.2], the pair (RG, (R+)G) is an affinoid k-algebra and the pre-
adic space Spa(RG, (R+)G) is indeed an adic space and is the categorical quotient
Spa(R,R+)/G. It is also easy to see that the log structure (MZ′)G is fine and
saturated.
It remains to check Z is finite Kummer e´tale over X and Z ′ = Z ×X Y . Since
these can be checked e´tale locally, using an adic version of [Vid, Proposition 4.3],
we may assume that X = X(ξ) is strictly local. In particular, Y = X(ξ)Q is
also strictly local. We may also assume Z ′ = X(ξ)Q′ for some Kummer map of
fs monoids P → Q′. (Here Q′ is not necessarily sharp.) Using the equivalence of
categories
Hξ˜ : X(ξ)fke´t
∼= Hom(P gp, Ẑ′(1)(l))− FSets,
the descent datum on Z ′ is equivalent to giving a G-action on (Q′)gp/P gp. Let H be
the preimage of ((Q′)gp/P gp)G under the natural projection (Q′)gp → (Q′)gp/P gp
and let P ′ be the intersection of H and Q′ inside (Q′)gp. Then P ′ is fs, P → P ′ is
Kummer and Z = X(ξ)P ′ , hence an element in X(ξ)fke´t. The identity Z
′ = Z×X Y
holds as this can be checked on the level of finite sets using the equivalence Hξ˜.

Definition 2.34. Let X be a locally noetherian fs log adic space and let Λ be a
commutative ring.
(i) A sheaf F on Xke´t is called a constant sheaf of sets (resp., constant sheaf of
Λ-modules) if it is the sheafification of a constant pre-sheaf given by some
set S (resp., some Λ-module M).
(ii) A sheaf F on Xke´t is called locally constant if there exists a Kummer e´tale
covering {Ui}i∈I → X such that F|Ui are constant sheaves. Let Loc(Xke´t)
denote the category of locally constant sheaves of finite sets on Xke´t.
Theorem 2.35. Let X be a locally noetherian fs log adic space. The functor
ϕ : Xfke´t → Loc(Xke´t)
Y 7→ HomX(−, Y )
is an equivalence of categories. Moreover,
(i) Fiber products exist in Xfke´t and Loc(Xke´t), and ϕ preserves fiber products.
(ii) Categorical quotients by finite group of automorphisms exist in Xfke´t and
Loc(Xke´t), and ϕ preserves such quotients.
Proof. First of all, by Corollary 2.20, representable pre-sheaves on Xke´t are sheaves.
By Proposition 2.8 and Proposition 2.12, Y is Kummer e´tale locally a disjoint union
of finitely many copies of X . Hence HomX(−, Y ) is indeed a locally constant sheaf
of finite sets.
The functor ϕ is clearly fully faithful. We need to check essential surjectivity.
For any locally constant sheaf of finite set, it is Kummer e´tale locally represented
by objects in Xfke´t. These objects glue to a global object Y by Theorem 2.33.
For (i), the existence of fiber products in Xfke´t is known. For fiber products in
Loc(Xke´t), we may work with constant sheaves and glue. If S
′ ← S → S′′ are maps
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between finite sets, then we have
S′X ×SX S
′′
X = (S
′ ×S S
′′)X .
The fact that ϕ preserves fiber products can be checked Kummer e´tale locally.
Indeed, we may assume Y is a finite disjoint union of copies of X and the statement
is clear in this case.
Finally, we prove (ii). By Theorem 2.33, quotient by finite group of automor-
phisms in Xfke´t can be constructed Kummer e´tale locally. Hence, once again, we
may assume Y is a finite disjoint union of copies of X . In this case, the group
quotients clearly exist. On the other hand, group quotients in Loc(Xke´t) can also
be checked Kummer e´tale locally; namely we only need to treat the case of con-
stant sheaves. But the category of constant sheaves of finite sets is equivalent to
the category of finite sets and group quotients in the later category is clear. Lastly,
the fact that ϕ preserves such quotients can be verified Kummer e´tale locally. This
is clear in the case where Y is a finite disjoint union of copies of X .

After these preparations, we are ready to define Kummer e´tale fundamental
group.
Let X be a connected locally noetherian fs log adic space and let η : ζ → X be
a log geometric point. Let FSets denote the category of finite sets and consider the
fiber functor
F : Xfke´t → FSets
Y 7→ Yζ
where Yζ is the set of X-morphisms ζ → Y .
Lemma 2.36. Xfke´t together with the fiber functor F is a Galois category.
Proof. We already know the initial object, the final object, fiber products, cate-
gorical quotients by finite groups of automorphisms, and finite coproducts exist in
Xfke´t. It remains to check
(i) F preserves fiber products, finite coproducts, and quotients by finite group
of automorphisms.
(ii) F reflexes isomorphisms (i.e., F (f) is an isomorphism implies f is an iso-
morphism).
(We refer to [SGA1, V.4] for the basics on Galois categoies.)
For (i), notice that F is defined locally around the log geometric point ζ, we may
assume Y is a finite disjoint union of X . Then F clearly preserves fiber products,
finite coproducts, and group quotients.
To prove (ii), notice that the composition of F with the equivalence in Theo-
rem 2.35 is the stalk functor
Loc(Xke´t)→ FSets
F 7→ Fζ := lim−→
F(U)
where the limit runs through all Kummer e´tale neighborhoods U → X of ζ. SinceX
is connected, the stalk functors with respect to two different log geometric points are
isomorphic. Hence, whether f is an isomorphism can be checked at one stalk. 
FOUNDATIONS OF LOGARITHMIC ADIC SPACES 45
Corollary 2.37. Let X be a connected locally noetherian fs log adic space and let
ζ → X be a log geometric point. Then the fiber functor F is pro-representable.
Let πke´t1 (X, ζ) be the automorphism group of F , then F induces an equivalence of
categories
Xfke´t ∼= π
ke´t
1 (X, ζ)− FSets.
Corollary 2.38. Let X be a connected locally noetherian fs log adic space and let
ζ → X be a log geometric point. The stalk functor F 7→ Fζ induces an equivalence
of categories
Loc(Xke´t) ∼= π
ke´t
1 (X, ζ)− FSets.
Proof. This follows immediately from Theorem 2.35. 
Since stalk functors for two different log geometric points ζ, ζ′ are isomorphic,
the fundamental groups πke´t1 (X, ζ) and π
ke´t
1 (X, ζ
′) are isomorphic. If the context is
clear, we may omit ζ.
By Proposition 2.31 and Proposition 2.32, we obtain the following examples of
Kummer e´tale fundamental groups.
Corollary 2.39. Let (X,M) be a locally noetherian fs log adic space and let ξ,
X(ξ), M = Mξ be the same as in Proposition 2.31 and Proposition 2.32. In
particular, the underlying adic spaces of ξ (resp., X(ξ)) is a geometric point (resp.,
a strictly local adic space). Then we have
πke´t1 (X(ξ))
∼= πke´t1 (ξ) ∼= Hom(M
gp
, Ẑ′(1)(l))
Remark 2.40. Since M is sharp and fs, we have M
gp ∼= Zr for some r. This
induces a non-canonical isomorphism πke´t1 (ξ)
∼= (Ẑ′(1)(l))r.
Last but not the least, we may compare Kummer e´tale fundamental group and
the classical e´tale fundamental group. In fact, for any connected locally noetherian
fs log adic space X and a log geometric point ξ, the natural inclusion from e´tale
covers to finite Kummer e´tale covers induces a surjective map
ε : πke´t1 (X, ξ)→ π
e´t
1 (X,
◦
ξ).
2.4. Base change functors. In this section, we study the behavior of abelian
sheaves on Kummer e´tale sites under base change functors. The readers are refered
to [SGA4, IV. 5] for the basics of localization and base change functors of topoi.
Let X be a locally noetherian fs log adic space. Let ShAb(Xke´t) denote the
category of abelian sheaves on Xke´t. For any morphism f : Y → X of locally
noetherian fs log adic spaces, we have the base change functor
f∗ : ShAb(Yke´t)→ ShAb(Xke´t), f∗F(U) = F(U ×X Y ).
For any Kummer e´tale morphism f : Y → X , we have the inverse image functor
f∗ : ShAb(Xke´t)→ ShAb(Yke´t); f
∗F(U) = F(U).
as well as the localization functor
f! : ShAb(Yke´t)→ ShAb(Xke´t).
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For any F ∈ ShAb(Yke´t), f!F is the sheaf associated to the pre-sheaf
fp! : U 7→
⊕
α:U→Y
F(U, α),
where the direct sum runs over all Kummer e´tale maps α : U → Y over X . It is
formalism that f! is left adjoint to f
∗ and f∗ is left adjoint to f∗. Consequently, f
∗
is exact, f∗ is left exact, and f! is right exact.
Proposition 2.41. Suppose Y → X is a finite Kummer e´tale morphism. We have
a natural isomorphism of functors f!
∼
−→ f∗. As a consequence, both functors are
exact.
Lemma 2.42. Let f : V → W be a finite Kummer e´tale morphism of log adic
spaces in Xke´t. Assume f has a section g : W → V . Then there exists a finite
Kummer e´tale map W ′ → W and an isomorphism V ∼= W ⊔ W ′ such that the
natural inclusion W →֒ W ⊔W ′ is identified with g :W → V .
Proof. It reduces to the case where V,W are both connected and we need to prove
V ∼= W . Under the equivalence in Corollary 2.37, the finite Kummer e´tale cover
V → W corresponds to a finite set S endowed with a continuous π1 = πke´t1 (W, ζ)-
action, and W itself corresponds to {1} with the trivial π1-action. The section
g : W → V corresponds to a π1-equivariant map ι : {1} → S. Hence we have a
π1-equivariant decomposition S = {ι(1)} ⊔ S′. The connectedness of V forces the
π1-action on S to be transitive and therefore S
′ = ∅. 
Proof of Proposition 2.41. Let F be an abelian sheaf on Yke´t. First, notice that
there is a natural map f!F → f∗F . Indeed, for any U ∈ Xke´t, a map α : U → Y
over X gives a section U → U ×X Y of the natural projection U ×X Y → U .
Applying Lemma 2.42, we obtain a decomposition U ×X Y = U ⊔ U ′ identifying
U → U×X Y with U →֒ U⊔U ′. Running through all such α, we obtain an inclusion∐
α:U→Y
U →֒
( ∐
α:U→Y
U
)
⊔ U ′′ ∼= U ×X Y
Hence a map of pre-sheaves
fp! F(U) =
⊕
α:U→Y
F(U, α)→ F(U ×X Y ) = f∗F(U).
It remains to show that, e´tale locally on U , there exists a finite Kummer e´tale
cover V → U such that ∐
α:V→Y
V ∼= V ×X Y.
The statement is true in the special case where Y → X is strictly finite e´tale. This
is because Y is e´tale locally a finite disjoint union of copies of X . In general, since
the question is e´tale local, we may assume that
(a) X is affinoid, modeled on a sharp fs monoid P ;
(b) Y → X factors as Y → XQ → X where
XQ := X ×Spa(k[P ],k+[P ]) Spa(k[Q], k
+[Q])→ X
is the standard Kummer e´tale cover induced by a Kummer map u : P → Q
of sharp fs monoids, and Y → X is strictly finite e´tale.
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Let G = Qgp/ugp(P gp). By Proposition 2.8, we know
Y ×X XQ ∼= Y ×XQ (XQ ×X XQ)
∼= Y ×G→ XQ
is strictly e´tale. Applying the discussion in the special case above, there exists a
finite Kummer e´tale cover V → U ×X XQ such that∐
V→Y×XXQ
V ∼= V ×XQ (Y ×X XQ).
Notice that ∐
V→Y
V =
∐
V→Y×XXQ
V ∼= V ×XQ (Y ×X XQ) = V ×X Y.
Namely, V → U ×X XQ → X is the desired finite Kummer e´tale cover. 
3. Pro-Kummer e´tale topology
3.1. The pro-Kummer e´tale site. In this section, we define the pro-Kummer
e´tale site on log adic spaces, a logarithmic generalization of Scholze’s pro-e´tale site
constructed in [Sch2]. As we shall see, the pro-Kummer e´tale site share most of the
nice properties of its ancestor.
For any category C, the category pro−C is identified as the category of functors
F : I → C where I is a small cofiltered index category. The morphisms are given
by
Hom(F,G) = lim
←−
J
lim
−→
I
Hom(F (i), G(j)),
for any F : I → C and G : J → C.
Let k be a complete non-archimedean field and let X be a locally noetherian fs
log adic space over k. Consider the category pro−Xke´t. The objects in pro-Xke´t
are of the form U = lim
←−
Ui → X where Ui → X are Kummer e´tale. The underlying
topological space is given by |U | = lim
←−
|Ui|.
Definition 3.1. (i) A morphism U → V of objects in pro-Xke´t is called Kum-
mer e´tale (resp., finite Kummer e´tale; e´tale; finite e´tale) if there exists a
Kummer e´tale (resp., finite Kummer e´tale; strictly e´tale; strictly finite e´tale)
morphism U0 → V0 of objects in Xke´t such that U = U0 ×V0 V for some
morphism V → V0.
(ii) A morphism U → V of objects in pro-Xke´t is called pro-Kummer e´tale
if it can be written as a cofiltered inverse limit U = lim
←−
Ui of objects
Ui → V Kummer e´tale over V such that Uj → Ui is finite Kummer e´tale
and surjective for all large i (i.e., all i ≥ i0 for some i0). Such a presentation
U = lim←−Ui → V is called a pro-Kummer e´tale presentation.
(iii) A morphism U → V as in (ii) is called pro-finite Kummer e´tale if all Ui → V
are finite Kummer e´tale.
Definition 3.2. We define the pro-Kummer e´tale site Xproke´t. The underlying
category is defined to be the full subcategory of pro−Xke´t of objects that are
pro-Kummer e´tale over X . A covering of U ∈ Xproke´t is given by a family of
pro-Kummer e´tale morphisms {fi : Ui → U}i∈I such that |U | =
⋃
i∈I fi(|Ui|) and
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such that each fi satisfies the following condition (see the erratum of [Sch2]): Each
fi : Ui → U can be written as an inverse limit
Ui = lim←−
µ<λ
Uµ → U
where
(i) Uµ ∈ Xproke´t, and U = U0 is an initial object in the limit.
(ii) The limit runs through the set of ordinals µ less than some ordinal λ.
(iii) For any µ < λ, the map Uµ → U<µ := lim←−µ′<µ
Uµ′ is the pullback of a
Kummer e´tale map in Xke´t, and is the pullback of a finite Kummer e´tale
surjective map for all large µ (i.e., all µ > µ0 for some µ0).
Below is a variation of [Sch2, Lemma 3.10] which checks some of the basic prop-
erties of Xproke´t. In particular, it verifies that Xproke´t is indeed a site.
Lemma 3.3. (i) Let U, V,W ∈ pro−Xke´t. Suppose U → V is a Kummer e´tale
(resp., finite Kummer e´tale; e´tale; finite e´tale; pro-Kummer e´tale; pro-finite
Kummer e´tale) morphism and W → V is any morphism. Then the fiber
product U ×V W exists and U ×V W → W is Kummer e´tale (resp., finite
Kummer e´tale; e´tale; finite e´tale; pro-Kummer e´tale, pro-finite Kummer
e´tale). Moreover, the induced map |U ×V W | → |U | ×|V | |W | of topological
spaces is surjective.
(ii) A composition of two Kummer e´tale (resp., finite Kummer e´tale; e´tale;
finite e´tale) maps in pro−Xke´t is still Kummer e´tale (resp., finite Kummer
e´tale; e´tale; finite e´tale).
(iii) Let U ∈ pro−Xke´t and let W ⊂ |U | be a quasicompact open subset. Then
there exists V ∈ pro−Xke´t with an e´tale map V → U such that |V | → |U |
induces a homeomorphism |V | ∼=W .
If, in addition, U ∈ Xproke´t, then we can choose V ∈ Xproke´t which also
satisfies the following property: For any morphism V ′ → U in Xproke´t such
that |V ′| → |U | factors through W , the map V ′ → U factors through V .
(iv) Pro-Kummer e´tale maps in pro−Xket are open on the underlying topological
spaces.
(v) Let V ∈ Xproke´t. A surjective Kummer e´tale (resp., surjective finite Kum-
mer e´tale) map U → V in pro−Xke´t is the pullback along V → V0 from
a surjective Kummer e´tale (resp., surjective finite Kummer e´tale) map
U0 → V0 in Xke´t.
(vi) Let W ∈ Xproke´t and let U → V → W be pro-Kummer e´tale (resp., pro-
finite Kummer e´tale) maps in pro−Xke´t. Then U, V ∈ Xproke´t and the
composition U →W is pro-Kummer e´tale (resp., pro-finite Kummer e´tale).
(vii) Arbitrary finite projective limits exist in Xproke´t.
(viii) Base change of a covering in Xproke´t is also a covering.
Proof. The statements are analogues of [Sch2, Lemma 3.10]. For completeness, we
present the proof in detail.
(i) First, we treat the case when U → V is Kummer e´tale, which by definition
is base changed from some Kummer e´tale map in Xke´t. Write W = lim←−
Wi
as an inverse limit. We reduce to the case that U → V is a Kummer e´tale
map in Xke´t and we may assume W → V comes from a compatible system
of maps Wi → V in Xke´t. Then U ×V W = lim←−
U ×V Wi. The property
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of the base change U ×V W → W follows from the fact that Kummer
e´tale-ness (resp., finite Kummer e´tale-ness) is stable under base change (cf.
Proposition 2.7). For the statement on the topological spaces, we have
maps
|U ×V W | = lim←−
|U ×V Wi| → lim←−
|U | ×|V | |Wi| = |U | ×|V | |W |.
We need to check the surjectivity of the middle map. Indeed, by the proof
of Lemma 1.55, Proposition 1.56 and by Lemma 2.10, each |U ×V Wi| →
|U | ×|V | |Wi| is surjective with finite fibers. Notice that the inverse limit of
nonempty finite sets is a nonempty compact set, hence the result.
In general, if U → V is pro-Kummer e´tale, let U = lim
←−
Ui → V be a
pro-Kummer e´tale presentation. Then we have U ×V W = lim←−
Ui ×V W .
The base change property is clear. For the topological spaces, consider
|U ×V W | = lim←−
|Ui ×V W | → lim←−
|Ui| ×|V | |W | = |U | ×|V | |W |.
By previous discussion, each |Ui ×V W | → |Ui| ×|V | |W | is surjective with
nonempty compact fibers. The desired result follows from the fact that
inverse limit of nonempty compact topological spaces is nonempty.
(ii) Let U → V and V → W be two Kummer e´tale maps in pro−Xke´t. We
check that the composition U → V →W is Kummer e´tale. The statement
for finite Kummer e´tale (resp., e´tale; finite e´tale) are similar. By definition,
V → W is the pullback of a Kummer e´tale map V0 → W0 in Xke´t. We
may write W = lim
←−
Wi with compatible maps Wi → W0 for large i. Then
V = lim
←−
Vi with Vi = V0 ×W0 Wi.
Similarly, U → V is the pullback from a Kummer e´tale map U∗ → V∗
in Xke´t. Note that V → V∗ factors through Vi → V∗ for i large. Then
U = lim
←−
Ui for Ui = U∗ ×V∗ Vi. By Proposition 2.7, Ui → Wi is Kummer
e´tale and hence U = Ui ×Wi W →W is Kummer e´tale.
(iii) Write U = lim
←−
Ui with Ui ∈ Xke´t. ThenW is the pre-image of an open sub-
set Wj ⊂ |Uj| for some j sufficiently large. Note that Wj is the underlying
topological space of a strict open subspace Vj ⊂ Uj . Let Vi = Vj ×Uj Ui for
all i ≥ j. Then V = Vj ×Uj U = lim←−
Vi satisfies the desired property.
If, in addition, U ∈ Xproke´t and U = lim←−
Ui is a pro-Kummer e´tale
presentation, so is V = lim
←−
Vi. If |V ′| → |U | factors through W , then
|V ′| → |Uj| factors through Wj . Let V ′ = lim←−
V ′i be a pro-Kummer e´tale
presenation. Then V ′ → Uj factors through V ′i → Uj for large i. Since the
transitions maps are surjective for large i, we know that V ′i → Uj factors
through Vj for all large i. Therefore, V
′ → U factors through V = Vj×UjU .
(iv) Consider a pro-Kummer e´tale presentation U = lim
←−
Ui → V and let W ⊂
|U | be a quasicompact open subset. Then W is the preimage of Wi ⊂ |U |
for some large i. By (iii), we can find S = Si ×Ui U ∈ pro−Xke´t with
|Si| =Wi such that W ∼= |S|. Hence, the image of W in V is the image of
a Kummer e´tale map.
We reduce to the case where U → V is Kummer e´tale. Suppose U → V
is the pullback from a Kummer e´tale map U0 → V0 in Xke´t. Then |U | → |V |
factors as
|U | = |U0 ×V0 V | → |U0| ×|V0| |V | → |V |.
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The middle arrow is surjective by (i) and the last arrow is open because
|U0| → |V0| is (cf. Corollary 2.9).
(v) Suppose U → V is the pullback from a Kummer e´tale (resp., finite Kummer
e´tale) map U0 → V0 in Xke´t. Let V = lim←−
Vi be a pro-Kummer e´tale
presentation. Then V → V0 factors through Vi for large i. By assumption,
the composition
|U | = |U0 ×V0 V | → |U0| ×|V0| |V | → |V |
is surjective. Hence, |U0| ×|V0| |V | → |V | must be surjective. This means
|V | → |V0| factors through the image of |U0| in |V0|. Since the transition
maps are surjective for large i, the maps |Vi| → |V0| factors through the
image of |U0| in |V0| for large i. Hence, U0 ×V0 Vi → Vi is surjective, as
desired.
(vi) We immediately reduce to the following two cases: (a) U → V is Kummer
e´tale, or (b) U = lim
←−
Ui → V is an inverse system of finite Kummer e´tale
surjective maps.
If U → V is Kummer e´tale, then it is the pullback of a Kummer e´tale
map U0 → V0 in Xke´t. Let V = lim←−
Vi → W be a pro-Kummer e´tale
presentation. Note that V → V0 factors through Vi → V0 for i large. Then
U = lim
←−
U0 ×V0 Vi →W is a pro-Kummer presentation of U →W .
It remains to treat the case where each arrow in U → V →W → X is an
inverse system of finite Kummer e´tale surjective maps, and X is connected.
It suffices to construct a pro-Kummer e´tale presentation V = lim
←−
Vσ → X
such that each Vσ → X is finite Kummer e´tale surjective. For this purpose,
choose presentations W = lim
←−i∈I
Wi → X and V = lim←−j∈J
Vj → W such
that Wi → X and Vj →W are finite Kummer e´tale surjective. By (v), for
each j, Vj →W is pullback from some finite Kummer e´tale surjective map
Vj,0 → W0 in Xke´t. Notice that W → W0 factors through Wi → W0 for
large i (say for all i > ij). Let Vj,i = Vj,0×W0 Wi and consider an index set
Σ =
{
(j, i) ∈ J × I | i > ij for all j ∈ J
}
.
For any j′ > j and any i > ij , it is easy to verify that, for i
′ large, the
map Vj′,i′ → X factors through Vj,i and Vj′,i′ → Vj,i is finite Kummer e´tale
surjective. Therefore, V = lim
←−(j,i)∈Σ
Vj,i → X gives a desired presentation.
(vii) Direct products exist by (i) and (vi). It suffices to check equalizers exist.
We need to show that if U ∈ Xproke´t and V ⊂ U is an intersection of open
and closed subsets, then V → U is pro-Kummer e´tale. Let U = lim
←−
Ui → X
be a pro-Kummer e´tale presentation and let Vi be the image of V in Ui.
Then V = lim
←−
Vi. Since, for large i, the transition maps are finite Kummer
e´tale, which are open and closed, we know that Vi is an intersection of open
and closed subsets, for large i. Notice that each Ui locally has only finitely
many connected components. Hence each Vi is open and closed. Since the
transition maps Vj → Vi are finite Kummer e´tale surjective for large i, j,
we know that Vj → Vi is a union of connected components of Uj → Ui.
Therefore, V = lim
←−
Vi → X is pro-Kummer e´tale.
(viii) Suppose {Ui} → U is a covering and V → U is any morphism in Xproke´t.
We need to show {Ui ×U V } → V is also a covering. It is clear that each
Ui ×U V → V can be written as an inverse limit satisfying the conditions
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(i)(ii)(iii) in Definition 3.2. Indeed, if Ui = lim←−µ<λ
Uµ → U is such an
inverse limit, so is
Ui ×U V = lim←−
µ<λ
(Uµ ×U V )→ V.
To check the surjectivity on the underlying topological spaces, we reduce
to the case where U is quasicompact and {Ui} is a finite covering. In this
case, we can replace {Ui} by a single cover U ′ → U . Then |U ′×U V | → |V |
is surjective by (i).

We also record the following pro-Kummer e´tale version of [Sch2, Proposition
3.12].
Lemma 3.4. Let X be a locally noetherian fs log adic space.
(i) Let U = lim
←−
Ui → X be a pro-Kummer e´tale presentation of U ∈ Xproke´t
such that all Ui’s are affinoid. Then U is quasicompact and quasiseparated.
(ii) The family of objects U of type as in (i) generates Xproke´t, and is stable
under fiber products.
(iii) The topos X∼proke´t is algebraic.
(iv) An object U in Xproke´t is quasi-compact (resp., quasi-separated) if and only
if |U | is quasi-compact (resp., quasi-separated).
(v) Suppose U → V is an inverse limit of finite Kummer e´tale surjective maps
in Xproke´t. Then U is quasicompact (resp., quasiseparated) if and only if
V is.
(vi) A morphism U → V in Xproke´t is quasi-compact (resp., quasi-separated)
if and only if the associated morphism on the underlying topological spaces
|U | → |V | is quasi-compact (resp., quasi-separated).
(vii) Xproke´t is quasi-separate (resp., coherent) if and only if |X | is quasi-separated
(resp., coherent).
Proof. By Lemma 3.3 (iv), pro-Kummer e´tale morphisms are open. Given this, the
proof is identical to [Sch2, Proposition 3.12]. 
Remark 3.5. (i) If X ′ is an element in Xproke´t, we sometimes abuse the nota-
tion and write X ′proke´t for the localized site (Xproke´t)/X′ . A priori, X
′
proke´t
depends on a choice of X which should be clear in the context. If X ′ is itself
a locally noetherian adic space, then X ′proke´t coincides with Definition 3.2.
(ii) Often, it is convenient to work with a perfectoid base field. Suppose X is
a locally noetherian fs log adic space over a finite extension k of Qp and
let L ⊂ ˆ¯k be a perfectoid field of characteristic 0. On one hand, we can
base change to L and consider the pro-Kummer e´tale site XL,proke´t on XL.
On the other hand, consider lim
←−i
XLi ∈ Xproke´t where Li runs through all
finite extensions of k inside L. We abuse the notation and still denote this
inverse limit by XL. Let (Xproke´t)/XL be the localized site. We have the
following equivalence of sites
XL,proke´t ∼= (Xproke´t)/XL .
The equivalence follows from the fact that any mophism Z → Y in XL,e´t
is the base change of a morphism Z ′ → Y ′ in XLi,e´t for some i (cf. [Ber,
Lemma 2.1.3]).
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Let ν : Xproke´t → Xke´t be the natural projection of sites. We have induced mor-
phisms ν∗ : ShAb(Xke´t)→ ShAb(Xproke´t) and ν∗ : ShAb(Xproke´t)→ ShAb(Xke´t).
Proposition 3.6. Let F be an abelian sheaf on Xke´t and let U = lim←−
Uj be a qcqs
(i.e., quasi-compact and quasi-separated) object in Xproke´t. Then for any i ≥ 0, we
have Hi(U, ν∗F) = lim
−→j
Hi(Uj,F).
Proof. This is an analogue of [Sch2, Lemma 3.16]. The proof is similar to loc.cit.
We may assume X is qcqs. Note that ν∗F is the sheaf associated to the pre-sheaf
F˜ sending U = lim
←−
Uj to lim−→
F(Uj). By Lemma 3.4(ii), quasicompact objects
in Xproke´t form a basis of Xproke´t. To prove the lemma, it suffices to prove the
following: for any injective sheaf F ∈ ShAb(Xke´t), the pre-sheaf F˜ is a sheaf and
Hi(U, F˜) = 0 for all quasicompact U and all i > 0. We need to show that for any
covering {Vk} → U by quasicompact objects, the Cˇech complex
0→ F˜(U)→
∏
k
F˜(Vk)→
∏
k,k′
F˜(Vk ×U Vk′ )→ · · ·
is exact. Since U is quasicompact, we may assume the covering is finite and hence
can replace by a single covering V → U . Let V = lim
←−
Vl → U be a pro-Kummer
e´tale presentation. Then the Cˇech complex above is the direct limit of the corre-
sponding Cˇech complexes for the coverings Vl → U . Hence, we reduce to the case
where V → U is a Kummer e´tale cover.
In this case, V → U is the pullback of a Kummer e´tale cover V0 → U0 in Xke´t.
The map U → U0 factors through Uj for large j. Let Vj = V0 ×U0 Uj . Then
Vj → Uj is also a Kummer e´tale cover. The Cˇech complex for V → U is the direct
limit of Cˇech complexes
0→ F(Uj)→ F(Vj)→ F(Vj ×Uj Vj)→ · · · .
Each of these complexes is exact due to the acyclicity of injective sheaf F on Xke´t.
This completes the proof. 
Proposition 3.7. For any abelian sheaf F on Xke´t, we have natural isomorphism
F
∼
−→ Rν∗ν∗F .
Proof. For each i ≥ 0, Riν∗ν∗F is the sheaf on Xke´t associated to the pre-sheaf
sending U to Hi(U, ν∗F). By Proposition 3.6, we have Hi(U, ν∗F) = Hi(U,F) for
qcqs U ∈ Xke´t. This proves the statement for i = 0. For i > 0, by Proposition 2.8,
Hi(U,F) vanishes locally in the Kummer e´tale topology. Therefore, the associated
sheaf is zero. 
Corollary 3.8. The functor ν∗ : ShAb(Xke´t) → ShAb(Xproke´t) is a fully faithful
embedding.
For technical purpose, we also define the pro-finite Kummer e´tale site.
Definition 3.9. Let X be a locally noetherian fs log adic space over k. Define
the pro-finite Kummer e´tale site Xprofke´t as follows. The underlying category is
pro−Xfke´t. A covering of U ∈ Xprofke´t is given by a family of pro-finite Kummer
e´tale morphisms {fi : Ui → U}i∈I such that |U | =
⋃
i∈I fi(|Ui|) and such that each
fi satisfies the following condition: Each fi : Ui → U can be written as an inverse
limit
Ui = lim←−
µ<λ
Uµ → U
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where
(i) Uµ ∈ Xprofke´t, and U = U0 is an initial object in the limit.
(ii) The limit runs through the set of ordinals µ less than some ordinal λ.
(iii) For any µ < λ, the map Uµ → U<µ := lim←−µ′<µ
Uµ′ is the pullback of a
finite Kummer e´tale map in Xfke´t, and is the pullback of a finite Kummer
e´tale surjective map for all large µ (i.e., all µ > µ0 for some µ0).
Definition 3.10. Let G be a profinite group. We define a site G − PFSets as
follows. The underlying category is the category of profinite sets S equipped with
continuous action of G. A covering of S ∈ G − PFSets is given by a family of
continuous G-equivariant maps {fi : Si → S}i∈I such that S =
⋃
i∈I fi(Si) and
such that each fi satisfies the following condition: Each fi : Si → S can be written
as an inverse limit
Si = lim←−
µ<λ
Sµ → S
where
(i) Sµ ∈ G− PFSets, and S = S0 is an initial object in the limit.
(ii) The limit runs through the set of ordinals µ less than some ordinal λ.
(iii) For any µ < λ, the map Sµ → S<µ := lim←−µ′<µ
Sµ′ is the pullback of a
surjective map of finite sets.
One observes that a profinite set with a continuous action of a profinite group G
is equivalent to an inverse limit of finite sets with continuous G-actions. We obtain
an identification of categories
G− PFSets ∼= pro−(G− FSets).
Proposition 3.11. Let X be a connected locally noetherian fs log adic space over
k and let ζ be a log geometric point of X. Then there is an equivalence of sites
Xprofke´t ∼= π
ke´t
1 (X, ζ)− PFSets
sending U = lim
←−
Ui → X to S(U) := lim←−
(Ui)ζ where (Ui)ζ is the set of X-
morphisms ζ → Ui.
Proof. By Corollary 2.37, we haveXfke´t ∼= πke´t1 (X, ζ)−FSets. Then the equivalences
Xprofke´t = pro−Xfke´t ∼= pro−(π
ke´t
1 (X, ζ)− FSets)
∼= πke´t1 (X, ζ)− PFSets
send U to S(U). It is also clear that the coverings on both sides are identified. 
3.2. Base change functors. Let X be a locally noetherian fs log adic space over
Spa(Qp,Zp). Let Y ∈ Xproke´t and let (Xproke´t)/Y denote the localized site. We
have the following natural functors:
(i) Inverse image functor
f∗ : ShAb(Xproke´t)→ ShAb((Xproke´t)/Y ), f
∗F(U) = F(U)
(ii) Base change functor
f∗ : ShAb((Xproke´t)/Y )→ ShAb(Xproke´t), f∗F(U) = F(U ×X Y )
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(iii) Localization functor
f! : ShAb((Xproke´t)/Y )→ ShAb(Xproke´t)
where f!F is the sheaf associated to the pre-sheaf
fp! F : U 7→
⊕
α:U→Y
F(U, α),
The direct sum runs over all pro-Kummer e´tale maps α : U → Y over X .
It is formalism that f! is left adjoint to f
∗ and f∗ is left adjoint to f∗. Conse-
quently, f∗ is exact, f∗ is left exact, and f! is right exact.
Remark 3.12. If Y → X is Kummer e´tale, we have natural identification
(Xproke´t)/Y ∼= Yproke´t.
Proposition 3.13. Suppose Y → X is a finite Kummer e´tale morphism of locally
noetherian fs log adic spaces. Then we have a natural isomorphism of functors
f!
∼
−→ f∗ : ShAb(Yproke´t)→ ShAb(Xproke´t).
As a consequence, both functors are exact.
Proof. Following the same idea as in Lemma 2.41, we first construct a natural map
f!F → f∗F . It suffices to give a map∐
α:U→Y
U → U ×X Y.
for any U ∈ Xproke´t. Picking a pro-Kummer e´tale presentation U = lim←−
Ui → X ,
we reduce to constructing ∐
Ui→Y
Ui → Ui ×X Y
where the coproduct runs over all Kummer e´tale maps from Ui to Y . But this is
already constructed in the proof of Lemma 2.41.
Secondly, locally on U , we need to find a cover V → U such that∐
α:V→Y
V
∼
−→ V ×X Y.
We may assume X is affinoid, modeled on a global fs chart P , and Y → X factors
as Y → XQ → X where XQ → X is a standard Kummer e´tale cover induced by
a Kummer map u : P → Q and Y → XQ is strictly finite e´tale. Following the
argument in Lemma 2.41, we may replace U by U ×X XQ and replace Y → X by
Y ×X XQ → XQ. Then we reduce to the case where Y → X is strictly finite e´tale.
But in this case, Y is e´tale locally a finite disjoint union of copies of X . The desired
statement is clear.

More generally, for any morphism f : Y → X between locally noetherian fs log
adic spaces, we have base change functor
f∗ : ShAb(Yproke´t)→ ShAb(Xproke´t).
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Proposition 3.14. Let f : Y → X be a quasi-compact quasi-separated morphism
between locally noetherian fs log adic spaces. Let ν∗X : ShAb(Xke´t)→ ShAb(Xproke´t)
and ν∗Y : ShAb(Yke´t)→ ShAb(Yproke´t) be the natural functors. Then for any abelian
sheaf F on Yke´t, we have a natural isomorphism
ν∗XRf∗F
∼
−→ Rf∗ν
∗
Y F
Proof. For any i ≥ 0, the i-th cohomology of both sides equal to the sheafification
of the pre-sheaf sending a qcqs object U = lim
←−
Uj → X to lim−→
Hi(Uj ×X Y,F). 
3.3. Log affinoid perfectoid elements. Let L be a perfectoid field of character-
istic 0. Remember that adic spaces pro-e´tale locally “look like” affinoid perfectoid
spaces (cf. [Sch2, Proposition 4.8]). The goal of this section is to prove a logarithmic
analogue. In the next section, we will finish the proof of Theorem 0.1.
Definition 3.15. Let X be a locally noetherian fs log adic space over L where L is
a perfectoid field of characteristic 0. An element U ∈ Xproke´t is called log affinoid
perfectoid if it has a pro-Kummer e´tale presentation
U = lim
←−
i∈I
Ui = lim←−
i∈I
(Spa(Ri, R
+
i ),Mi)→ X
such that
(i) There is an initial object 0 ∈ I.
(ii) Each Ui admits a global sharp fs chart Pi such that each transition map
Uj → Ui is modeled on the Kummer chart Pi → Pj .
(iii) If we set (R,R+) to be the p-adic completion of lim
−→
(Ri, R
+
i ), then (R,R
+)
is a perfectoid affinoid L-algebra.
(iv) The monoid P = lim
−→
Pi is n-divisible for all n.
By Lemma 3.6, such a log affinoid perfectoid object U is qcqs. Sometimes,
abusing the terminology, we say U is modeled on P . Since P is sharp and saturated,
condition (iv) is equivalent to requiring that P is uniquely n-divisible for all n.
If U is a log affinoid perfectoid object as above, then Û = Spa(R,R+) is an
affinoid perfectoid space. In this case, we write Û ∼ lim
←−
Ui. The assignment
U 7→ Û defines a functor from the category of log affinoid perfectoid elements to
the category of affinoid perfectoid spaces. We emphasize that Û does not live in
Xproke´t. Thanks to the next lemma, we can identify Û and lim←−
Ui when only the
underlying topological spaces are concerned.
Lemma 3.16. Let U = lim
←−
Ui be a log affinoid perfectoid object as above and let
Û be the associated affinoid perfectoid space. Then the natural map of topological
spaces |Û | → lim←−|Ui| is a homeomorphism.
Proof. The map is bijective because a continuous valuation on R is equivalent to a
compatible system of continuous valuations on the Ri’s. By [KL1, Lemma 2.6.5],
every rational subset of Û comes from the pullback of a rational subset of some Ui.
This completes the proof. 
Remark 3.17. Let U and Û be as above. We can equip Û with the log structure
P log associated to the pre-log structure P → OÛ . By Lemma 1.45, Spa(L〈P 〉, L
+〈P 〉)
is e´tale sheafy and therefore (Û , P log)→ Spa(L〈P 〉, L+〈P 〉) is a chart.
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Lemma 3.18. Let U ∈ Xproke´t be log affinoid perfectoid and let Û be the associated
affinoid perfectoid space. If V → U is a finite Kummer e´tale cover, then V → U
must be finite e´tale. Consequently, V is also log affinoid perfectoid and V̂ → Û is
finite e´tale.
Proof. Let U = lim
←−i∈I
Ui → U0 be a pro-Kummer e´tale presentation as in Defini-
tion 3.15 and let Pi be the corresponding charts. Suppose V → U is the pullback
of a finite Kummer e´tale map V0 → U0 in Xke´t. By Lemma 2.15, there exists a
sufficiently large n such that V0 ×U0 U
1
n
0 is e´tale.
By definition, P = lim
−→
Pi is n-divisible. There exists i ∈ I such that Pi fits into
the following chain of injections
P0 → P
1
n
0 → Pi → P.
Hence V0 ×U0 Ui → Ui is e´tale.
The last statement follows from [Sch1, Theorem 7.9]. 
Lemma 3.19. Let P be a sharp fs monoid and let
P
1
∞ = lim
−→
n∈Z>0
P
1
n .
Let L〈P
1
∞ 〉 be the p-adic completion of the monoid algebra L[P
1
∞ ]. Then L〈P
1
∞ 〉
is an affinoid perfectoid algebra.
Proof. It is clear that P
1
∞ is uniquely p-divisible (actually uniquely n-divisible for
all n). The lemma follows from Lemma 1.45. 
Proposition 3.20. Let X be a locally noetherian fs log adic space over a perfectoid
field L of characteristic 0. Then
(i) The subcategory of log affinoid perfectoid objects in Xproke´t is stable under
fiber products.
(ii) Suppose X is log smooth. Then the log affinoid perfectoid objects in Xproke´t
form a basis for the pro-Kummer e´tale topology.
Proof. (i) We first prove the following claim: Suppose U, V ∈ Xproke´t are log affinoid
perfectoid and V → U is a morphism. Express U = lim
←−i∈I
Ui as in Definition 3.15
with Ui modeled on Pi and U modeled on P = lim−→
Pi. Then V is also modeled on
P .
Let V = lim
←−j∈J
Vj be a pro-Kummer e´tale presentation. Recall that
Hom(V, U) = lim
←−
i∈I
lim
−→
j∈J
Hom(Vj , Ui).
For each i, there exists a Kummer e´tale map Vj → Ui for every large j. For
such (i, j), using the argument in Lemma 3.18, there exists ti,j ∈ I such that
Vj ×Ui Ut → Ut is e´tale for all t > ti,j . In particular, Vj ×Ui Ut has chart Pt. Hence
V = lim
←−
(i,j,t)
Vj ×Ui Ut
is a pro-Kummer e´tale presentation of V satisfying the conditions in Definition 3.15.
In particular, V is modeled on
lim
−→
(i,j,t)
Pt = lim−→
i∈I
Pi = P.
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Given this claim, we can prove the statement on fiber products. Let U, V,W ∈
Xproke´t be log affinoid perfectoid with morphisms V → U , W → U . Write U =
lim
←−
Ui as above. By the discussion above, V (similarly for W ) has a pro-Kummer
e´tale presentation V = lim
←−
Vj such that each Vj is modeled on one of the Pi’s. This
implies V ×UW also admits a pro-Kummer e´tale presentation modeled on the Pi’s.
Consequently, V ×U W is log affinoid perfectoid with associated perfectoid space
̂V ×U W = V̂ ×Û Ŵ .
(The last fiber product is indeed a perfectoid space due to [Sch1, Proposition 6.18].)
(ii) We need to prove the following: for each U ∈ Xproke´t, locally we can find
a pro-Kummer e´tale cover U˜ → U by log affinoid perfectoid objects. In fact, we
may assume (a) U = lim
←−i∈I
Ui → U0 has a final object U0; (b) U0 = Spa(R0, R
+
0 )
is affinoid and admits a toric chart U0 → Spa(L[P0], L
+[P0]) in the sense of Defini-
tion 1.70 where P0 is a sharp fs monoid; (c) all transition maps Uj → Ui are finite
Kummer e´tale surjective. (Otherwise, we can find an e´tale covering of U by such
and deal with each of them.)
We start with constructing a log perfectoid cover U˜0 → U0. For every s ∈ Z>0,
let
U0,s = U0 ×Spa(L〈P0〉,L+〈P0〉) Spa(L〈P
1
s
0 〉, L
+〈P
1
s
0 〉) = Spa(R0,s, R
+
0,s)
modeled on the chart P
1
s
0 and consider
U˜0 := lim←−
s∈Z>0
U0,s ∈ Xproke´t.
We claim that U˜0 is a log affinoid perfectoid object in Xproke´t. Indeed, if (R˜0, R˜
+
0 )
is the completion of lim
−→
(R0,s, R
+
0,s), then
R˜0 =
(
lim
−→
R0 ⊗L〈P0〉 L〈P
1
s
0 〉
)∧
∼= R0 ⊗L〈P0〉 L〈P
1
∞
0 〉
is an affinoid perfectoid algebra by Lemma 3.19 and [Sch1, Theorem 7.9]. Since each
U0,s is modeled on P
1
s
0 , the transition maps U0,s′ → U0,s have charts P
1
s
0 → P
1
s′
0
for s|s′, and lim
−→
P
1
s
0 = P
1
∞
0 is n-divisible for all n.
For general U = lim
←−i∈I
Ui → U0, we show that
U˜ = U ×U0 U˜0 ∈ Xproke´t
is a log affinoid perfectoid object. Using the same argument as in Lemma 3.18 once
again, for each i ∈ I, there exists si ∈ Z>0 such that
Ui ×U0 U0,s → U0,s
is finite e´tale surjective for all s ∈ Z>0 divisible by si. Consider the index set
Σ = {(i, s) ∈ I × Z>0 | s is divisible by si}
ordered by partial ordering: (i′, s′) ≥ (i, s) if i′ ≥ i and s divides s′. We have
U˜ = lim
←−
(i,s)∈Σ
Ui ×U0 U0,s
and each Ui×U0U0,s is affinoid with global chart P
1
s
0 . Consequently, U˜ is log affinoid
perfectoid because the underlying structure ring is a direct limit of perfectoid alge-
bras associated to each Ui×U0 U˜0 (these are log affinoid perfectoid by Lemma 3.18)
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and the monoid
lim
−→
(i,s)∈Σ
P
1
s
0 = lim−→
s∈Z>0
P
1
s
0 = P
1
∞
0
is n-divisible for all n.

3.4. Structure sheaves.
Definition 3.21. Let X be a locally noetherian fs log adic space over Spa(Qp,Zp).
We define the following sheaves on Xproke´t.
(i) The integral structure sheaf is defined by O+Xproke´t = ν
∗O+Xke´t , and the
structure sheaf is defined by OXproke´t = ν
∗OXke´t .
(ii) The completed integral structure sheaf is defined by
Ô+Xproke´t = lim←−
n
O+Xproke´t/p
n,
and the completed structure sheaf is defined by ÔXproke´t = Ô
+
Xproke´t
[ 1p ].
(iii) We also define MXproke´t = ν
∗MXke´t together with a natural morphism
α :MXproke´t → OXproke´t .
Proposition 3.22. Let U = lim
←−
Ui ∈ Xproke´t be a pro-Kummer e´tale presentation.
Then MXproke´t = lim−→
MUi(Ui).
Proof. The proof is similar to Proposition 3.6. Note that ν∗MXproke´t is the sheaf
associated to the pre-sheaf M˜ sending U = lim←−Uj to lim−→MUj (Uj). Also recall
that quasicompact objects form a basis of Xproke´t. It suffices to prove that for any
quasicompact U and any finite covering {Vk} → U by quasicompact objects, the
complex
0→ M˜(U)→
∏
k
M˜(Vk)→
∏
k,k′
M˜(Vk ×U Vk′ )
is exact. Same argument as in Proposition 3.6 reduces to the case where V → U is
a Kummer e´tale cover, and further reduces to the exactness of
0→MXke´t(U0)→MXke´t(V0)→MXke´t(V0 ×U0 V0)
for any Kummer e´tale cover V0 → U0 in Xke´t. But this follows from Proposi-
tion 2.19. 
For the rest of this section, we assume X is log smooth. The following result
is an analogue of [Sch2, Theorem 4.10]. In particular, the higher cohomologies of
Ô+Xproke´t and ÔXproke´t vanish on log affinoid perfectoid objects U ∈ Xproke´t.
Proposition 3.23. Let X be a locally noetherian fs adic space over Spa(Qp,Zp).
Suppose X is log smooth. Let U ∈ Xproke´t be a log affinoid perfectoid with associated
perfectoid space Û = Spa(R,R+). Then
(i) For each n > 0, we have O+Xproke´t(U)/p
n = R+/pn and it is almost equal to
(O+Xproke´t/p
n)(U).
(ii) For each n > 0, we have Hi(U,O+Xproke´t/p
n)a = 0 for all i > 0. Conse-
quently, Hi(U, Ô+Xproke´t)
a = 0.
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(iii) Ô+Xproke´t(U) = R
+, ÔXproke´t(U) = R, and the ring Ô
+
Xproke´t
(U) is the p-adic
completion of O+Xproke´t(U).
Proof. To simplify the notations, we write O+X for O
+
Xproke´t
. By Remark 3.5, we may
assume X is defined over Spa(L,L+), where L is a perfectoid field of characteristic
0. By definition, O+X(U)/p
n = R+/pn. To prove (i) and (ii), we use the same
idea as in [Sch2, Lemma 4.10]. By Proposition 3.20, giving a sheaf on Xproke´t is
equivalent to giving a pre-sheaf on the full subcategory of log affinoid perfectoid
objects U ∈ Xproke´t, satisfying sheaf property for pro-Kummer e´tale coverings by
such. Consider such a pre-sheaf defined by
U 7→ F(U) = (O+X(U)/p
n)a.
We claim that this does give rise to a sheaf F of almost L+-algebras with all
cohomologies vanish at degree ≥ 1. Arguing as in the proof of Proposition 3.6, we
reduce to check the exactness of sequence
0→ F(U)→ F(V )→ F(V ×U V )→ F(V ×U V ×U V )→ · · ·
where V → U is a Kummer e´tale cover which is the pullback of a Kummer e´tale
cover V0 → U0 in Xke´t. We may further assume that V0 → U0 is a composition of
finite Kummer e´tale maps and rational localizations.
By Lemma 3.18, V is log affinoid perfectoid and V̂ is e´tale over Û . Moreover,
F(U) = (O+X(U)/p
n)a ∼= (O+
Ûe´t
(Û)/pn)a,
and
F(V ×U · · · ×U V ) = (O
+
X(V ×U · · · ×U V )/p
n)a ∼= (O+
Ûe´t
(V̂ ×Û · · · ×Û V̂ )/p
n)a.
It remains to prove the almost exactness of
0→ O+
Ûe´t
(Û)/pn → O+
Ûe´t
(V̂ )/pn → O+
Ûe´t
(V̂ ×Û V̂ )/p
n → · · · .
But this follows from Theorem 1.26 and that O+
Ûe´t
is p-torsion free.
The last statement of (ii) follows from the almost version of [Sch2, Lemma 3.18].
To prove (iii), we first claim that, for any n > m, the image of (O+X/p
n)(U) →
(O+X/p
m)(U) is equal to R+/pm. Indeed, for any f ∈ (O+X/p
n)(U), there exists
g ∈ R+ such that pn−mf = g in (O+X/p
n)(U). Let h = g/pn−m ∈ R+. Notice that
multiplication by pn−m induces an injection (O+X/p
m)(U) → (O+X/p
n)(U). This
implies f = h in (O+X/p
m)(U). Therefore, the image of f under (O+X/p
n)(U) →
(O+X/p
m)(U) lands in R+/pm. This completes the proof of the claim.
Finally, we have
Ô+Xproke´t(U) = lim←−
(O+X/p
n)(U) = lim
←−
R+/pn = R+
and hence ÔXproke´t(U) = R. 
One can also define the “tilted” version of the structure sheaves.
Definition 3.24. Define
Ô+
X♭proke´t
= lim
←−
Φ
(O+Xproke´t/p)
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where the transition map is given by x 7→ xp. Moreover, if X is base changed to a
perfectoid field (L,L+), we write
ÔX♭proke´t = Ô
+
X♭
proke´t
⊗L♭+ L
♭.
Proposition 3.25. Suppose X is defined over a perfectoid field L of characteristic
0. Let U ∈ Xproke´t be a log affinoid perfectoid object with associated perfectoid space
Û = Spa(R,R+). Let (R♭, R♭+) be its tilt. Then
(i) Ô+
X♭proke´t
(U) = R♭+, ÔX♭proke´t
(U) = R♭.
(ii) Hi(U, Ô+
X♭proke´t
) is almost zero for all i > 0.
Proof. We first prove (ii) and an almost version of (i). Let G denote the sheaf
O+Xproke´t/p. By Proposition 3.23, we have H
i(U,G)a = 0 for every log affinoid
perfectoid U ∈ Xproke´t and for all i > 0. Moreover, G(U) is almost equal to
O+Xproke´t(U)/p for such U .
By definition, Ô+
X♭
proke´t
= lim←−Φ G. Let B be the basis of the pro-Kummer e´tale
topology consisting of log affinoid perfectoid elements. Applying an almost version
of [Sch2, Lemma 3.18] to the sheaf G and the basis B, we know that Rj lim
←−Φ
G is
almost zero for all j > 0 and there are almost isomorphisms
Ô+
X♭proke´t
(U) = (lim
←−
Φ
G)(U) = lim
←−
Φ
G(U) = lim
←−
Φ
(R+/p) = R♭+.
Again by [Sch2, Lemma 3.18], we have
Hi(U, Ô+
X♭proke´t
)a = Hi(U, lim
←−
Φ
G)a = 0
for all i > 0.
Now we prove (i). Consider the sheaf associated to the pre-sheaf H on Xproke´t
determined by
U 7→ H(U) := O+
Û♭
(Û ♭)
for every U ∈ B. We claim that H satisfies sheaf properties for coverings by
elements in B. This is enough to conclude (i).
Indeed, let U, V ∈ Xproke´t be log affinoid perfectoid objects and let V → U be
a pro-Kummer e´tale cover. Let R,S, T be the associated perfectoid algebras for
U, V, U ×V U . We want to check the exactness of
0→ R♭+ → S♭+ → T ♭+.
But this is the inverse limit (along Frobenius) of
0→ R+/p→ S+/p→ T+/p
which is exact by the fact that O+
Ûke´t
is a sheaf and p-torsion free. The desired
exactness follows from the vanishing of (R1 lim
←−
)(R+/p). 
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4. Application to Fp-local systems
Definition 4.1. A locally noetherian log adic space (resp., a morphism f : Y → X
of locally noetherian log adic spaces) is called proper if the underlying adic space
(resp., morphism on the underlying adic spaces) is proper (cf. [Hub1, Section 1.3]).
Let X be a locally noetherian fs log adic space. By an Fp-local system on Xke´t,
we mean a locally constant sheaf of Fp-vector spaces on Xke´t of finite rank. The
main goal of this section is to prove the following finiteness result.
Theorem 4.2. Let K/Qp be an algebraically closed complete extension and let
K+ ⊂ K be an open bounded valuation subring. Suppose X is a proper log smooth
fs log adic space over (K,K+) such that the underlying adic space |X | is smooth.
Let L be an Fp-local system on Xke´t. Then
(i) Hi(Xke´t,L) is a finite dimensional Fp-vector space for every i ≥ 0.
(ii) Hi(Xke´t,L) = 0 for sufficiently large i.
During the preparation of a forthcoming work [DLLZ], we realize that the
smoothness condition on the underlying adic space can be removed. For details, see
[DLLZ, Section 2.4]. More generally, it is natural to expect the following finiteness
result, which we plan to address in a subsequent work.
Conjecture 4.3. Let X,Y be locally noetherian fs log adic spaces and f : Y → X
be a proper and log smooth morphism. Let Λ be a noetherian torsion ring and let
F be a constructible sheaf of Λ-modules on Xke´t. Then Rif∗F is also constructible
for every i.
The proof of Theorem 4.2 closely follows the strategy in [Sch2]. In fact, we
prove the following analogue of [Sch2, Theorem 5.1]; i.e., the primitive comparison
theorem for Kummer e´tale Fp-local systems.
Proposition 4.4. Let X, L be as in Theorem 4.2. Then
(i) Hi(Xke´t,L ⊗ O
+
X/p) is an almost finitely generated K
+-module for every
i ≥ 0 and is almost zero for sufficiently large i.
(ii) There is a natural isomorphism of almost K+-modules
Hi(Xke´t,L)⊗K
+a/p ∼= Hi(Xke´t,L⊗O
+a
X /p)
for every i ≥ 0.
For the definition of almost finitely generated K+-modules, see [GR, Definition
2.3.8].
4.1. Toric chart revisited. Let K/Qp be an algebraically closed complete exten-
sion. For a positive integer n, consider the n-dimensional unit disk
Dn = Spa(K〈T1, . . . , Tn〉,OK〈T1, . . . , Tn〉)
endowed with the log structure associated to the pre-log structure
Nn → K〈T1, . . . , Tn〉; (a1, . . . , an) 7→ T
a1
1 · · ·T
an
n .
Later in the proof of Theorem 4.2, n will be specified. When n is clear, we simply
write D = Dn. For every m ∈ Z>0, define
Dm = Spa(K〈T
1
m
1 , . . . , T
1
m
n 〉,OK〈T
1
m
1 , . . . , T
1
m
n 〉) = Spa(Rm, R
+
m)
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equipped with the log structure associated to the pre-log structure
Nn → K〈T
1
m
1 , . . . , T
1
m
n 〉; (a1, . . . , an) 7→ T
a1
m
1 · · ·T
an
m
n .
Clearly, D = D1. Consider the inverse system
D∞ := lim←−
m∈Z>0
Dm → D
with transition maps Dm′ → Dm for m|m′ induced by the natural inclusions Rm →
Rm′ . Notice that the transition maps are all finite Kummer e´tale surjective and
D∞ defines a log affinoid perfectoid element in Dproke´t. In fact, let (R,R
+) be the
p-adic completion of lim
−→
(Rm, R
+
m). Then
D̂∞ = Spa(R,R
+) = Spa(K〈T
1
∞
1 , . . . , T
1
∞
n 〉,OK〈T
1
∞
1 , . . . , T
1
∞
n 〉)
is an affinoid perfectoid space satisfying
D̂∞ ∼ D∞ = lim←−
Dm.
Definition 4.5. Let X be a locally noetherian fs log adic space and let G be a
profinite group. A pro-Kummer e´tale cover U → X is a Galois cover of group G if
there exists a pro-Kummer e´tale presentation U = lim
←−
Ui → X where Ui → X is a
finite Kummer e´tale Galois cover with group Gi (in the sense of Proposition 2.8)
and G = lim
←−
Gi.
Clearly, if U → X is a Galois cover with profinite Galois group G, then we have
G ×X U ∼= U ×X U , (g, u) 7→ (u, gu). Here we view G = lim←−
(Gi)X as an element
in Xproke´t. For example, D∞ → D is a Galois cover with profinite Galois group
Ẑn = lim
←−m∈Z>0
(Z/mZ)n because each Dm → D is a standard Kummer e´tale cover
with Galois group ((Nn)
1
m )gp/(Nn)gp ∼= (Z/mZ)n.
Suppose we have an affinoid log adic space V over K and a strictly e´tale map
V → D which is a composition of rational subsets and finite e´tale maps (i.e., V → D
is a smooth toric chart in the language of Proposition 1.69). By Lemma 3.18, the
fiber product V˜ = V ×D D∞ in the category Dproke´t is log affinoid perfectoid and
V˜ → V is a Ẑn-Galois cover.
Recall the following result (in fact, a slight variation) from [Sch2, Lemma 4.5].
Lemma 4.6. Let X be a locally noetherian fs log adic space over K. Let
U = lim
←−
i∈I
Ui = lim←−
i∈I
(Spa(Ri, R
+
i ),Mi)
be a log affinoid perfectoid element in Xproke´t as in Definition 3.15 and let (R,R
+)
be the completion of lim
−→
(Ri, R
+
i ) so that Û = Spa(R,R
+) is the associated affinoid
perfectoid space.
Suppose, for some i, Vi = Spa(Si, S
+
i ) → Ui is a strictly e´tale morphism which
can be written as a composition of rational localizations and strictly finite e´tale
maps. For any j ≥ i, define Vj = Vi ×Ui Uj = Spa(Sj , S
+
j ) and let
V = Vi ×Ui U = lim←−
Vj ∈ Xproke´t.
Let (S, S+) be the completion of lim
−→
(Sj , S
+
j ). Let Aj be the p-adic completion of
the p-torsion free quotient of S+j ⊗R+j
R+. Then we have
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(i) (S, S+) is a perfectoid affinoid (K,K+)-algebra and V is a log affinoid
perfectoid object in Xproke´t with associated perfectoid space V̂ = Spa(S, S
+).
Moreover, V̂ = Vj ×Uj Û in the category of adic spaces.
(ii) For any j ≥ i, we have S = Aj [
1
p ] and the cokernel of Aj → S
+ is annihi-
lated by pN for some N .
(iii) For any ε ∈ Q>0, there exists j such that the cokernel of Aj → S+ is
annihilated by pε.
Proof. Although the original [Sch2, Lemma 4.5] applies to an affinoid perfectoid
object in the pro-e´tale site Xproe´t, the argument in loc.cit. remains valid even
though our transition maps Uj → Ui are allowed to be Kummer e´tale. In fact, the
proof follows from loc. cit. verbatim. 
Back to our setup, applying the previous Lemma to U = D∞ = lim←−m∈Z>0
Dm
and the smooth toric chart V = Spa(S1, S
+
1 )→ D, we obtain:
Corollary 4.7. For any m ∈ Z>0, let Vm = V ×D Dm = Spa(Sm, S+m) and let
(S, S+) be the completion of the direct limit lim−→m(Sm, S
+
m). Let Am be the p-adic
completion of the p-torsion free quotient of S+m ⊗R+m R
+. Then
(i) (S, S+) is a perfectoid affinoid algebra and V˜ is a log affinoid perfectoid ob-
ject in Vproke´t with associated perfectoid space
̂˜
V = Spa(S, S+). Moreover,
V̂ = Vm×Dm D̂∞ in the category of adic spaces. In particular, V̂ = V ×DD̂∞
and S = S1⊗̂R1R.
(ii) For all m ∈ Z>0, we have S = Am[
1
p ] and the cokernel of Am → S
+ is
annihilated by some power pN .
(iii) For any ε ∈ Q>0, there exists m such that the cokernel of Am → S
+ is
annihilated by pε.
Proposition 4.8. Let V → D be a smooth toric chart and L be an Fp-local system
on Vke´t. Then
(i) Hi(Vke´t,L⊗O
+
V /p) is almost zero for i > n = dim V .
(ii) Assume V ′ ⊂ V is a rational subset such that V ′ is strictly contained in V .
Then the image of
Hi(Vke´t,L⊗O
+
V /p)→ H
i(V ′ke´t,L⊗O
+
V /p)
is an almost finitely generated OK-module for every i ≥ 0.
To prove Proposition 4.8, we need the following calculation.
Lemma 4.9. Let X be a locally noetherian fs log adic space over K. Suppose
U ∈ Xproke´t is a log affinoid perfectoid object with associated perfectoid space Û =
Spa(S, S+). Then
(i) Hi(U,L⊗O+X/p) is almost zero for all i > 0.
(ii) H0(U,L ⊗ O+X/p) is an almost finitely generated projective S
+/p-module
A(U). Moreover, if U ′ → U is another map, then
A(U ′) = A(U)⊗S+a/p S
′+a/p.
For the definition of almost finitely generated projective modules, see [GR, Def-
inition 2.4.4].
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Proof. We may assume X is connected. Choose a finite Kummer e´tale Galois cover
Y → X trivializing L ∼= Fnp . By Lemma 3.18, W = U ×X Y → U is finite e´tale
and W is log affinoid perfectoid with associted perfectoid space Ŵ = Spa(T, T+).
Let W j/U denote the j-fold fiber product of W over U . By Proposition 3.23,
Hi(W j/U ,L⊗O+W /p) is almost zero for i > 0 and j ≥ 1, andH
0(W j/U ,L⊗O+V /p) is
almost equal to (O+W (W
j/U )/p)n. Using the fact that T+a/p→ S+a/p is faithfully
flat, the desired results follows from almost faithfully flat descent (cf. [GR, Section
3.4]). 
Proof of Proposition 4.8. Consider the Ẑn-Galois cover V˜ → V . Let V = Spa(S1, S
+
1 )
and
̂˜
V = Spa(S, S+). Notice that
V˜ j/V ∼= V˜ × Ẑn(j−1) ∈ Vproke´t
is log affinoid perfectoid. Hence, by Proposition 3.6, we have
Hi(V˜ j/V ,L⊗O+V /p)
∼= Homcont(Ẑ
n(j−1), Hi(V˜ ,L⊗O+V /p)).
By Lemma 4.9 and Cartan-Leray spectral sequence (cf. [SGA4, V. Corollaire 3.3]),
we have an almost isomorphism
Hi(V,L⊗O+V /p)
∼= Hˇi({V˜ → V },L⊗O+V /p)
∼= Hicont(Ẑ
n, A)
where A = H0(V˜ ,L ⊗ O+V /p)
a is an almost finitely generated projective S+a/p-
module, equipped with discrete topology. The last isomorphism above follows from
Proposition 3.11 and [Sch2, Proposition 3.7(iii)]3. Given this, (i) follows from that
Ẑn has cohomological dimension n.
Write V ′ = Spa(S′1, S
′+
1 ) and
̂˜
V ′ = Spa(S′, S′+). To prove (ii), we need to show
the image of
Hicont(Ẑ
n, A)→ Hicont(Ẑ
n, A⊗S+/p S
′+/p)
is an almost finitely generated OK-module. Since A is almost finitely generated
projective, we reduce to the case A = S+a/p. Namely, we need to show the image
of
Hicont(Ẑ
n, S+/p)→ Hicont(Ẑ
n, S′+/p)
is an almost finitely generated OK-module. Choose N = n + 2 rational subsets
V (N) = V ′ ⊂ · · · ⊂ V (1) = V such that V (j+1) is strictly contained in V (j). Write
V (j) = Spa(S
(j)
1 , S
(j)+
1 ),
V (j)m = V
(j) ×D Dm = Spa(S
(j)
m , S
(j)+
m ),
and
̂˜
V (j) = Spa(S(j), S(j)+). By Corollary 4.7, it suffices to show the image of
Hicont(Ẑ
n, (S(1)+m ⊗R+m R
+)/p)→ Hicont(Ẑ
n, (S(N)+m ⊗R+m R
+)/p)
is almost finitely generated for all m ∈ Z>0. Notice that mẐ acts on S
(j)+
m trivially.
We have Hochschild-Serre spectral sequence
Hi1((Z/mZ)n, Hi2cont((mẐ)
n, (S(j)+m ⊗R+mR
+)/p))⇒ Hi1+i2cont (Ẑ
n, (S(j)+m ⊗R+mR
+)/p)
3See the erratum of [Sch2] for a correction of [Sch2, Proposition 3.7].
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Using [Sch2, Lemma 5.4] and the flatness of R+m → S
(j)+
m , it is enough to show that
the image of
S(j)+m /p⊗R+m/p H
i
cont((mẐ)
n, R+/p)→ S(j+1)+m /p⊗R+m/p H
i
cont((mẐ)
n, R+/p)
is almost finitely generated, for j = 1, . . . , N − 1, and for all m ∈ Z>0. We know
the image of S
(j)+
m /p → S
(j+1)+
m /p is an almost finitely generated OK-module. It
remains to show Hicont((mẐ)
n, R+/p) is almost finitely generated over R+m.
Let us assume m = 1. The calculation for general m is similar. Notice that
Hicont(Ẑ
n, R+/p) = lim
−→
i1,...,in∈[0,1)∩Q
Hicont(Ẑ
n, (R+0 /p) · T
i1
1 · · ·T
in
n ).
Let γ1, . . . , γn be the standard topological generators of Ẑ
n. For k = 1, . . . , n, the
action of γk on T
i1
1 · · ·T
in
n is given by
γk · T
i1
1 · · ·T
in
n = ζ
ikM
M T
i1
1 · · ·T
in
n
where {ζs}s∈Z>0 is a compatible system of s-th roots of unity andM is any positive
integer such that ikM ∈ Z.
Thanks to Hochschild-Serre spectral sequence, we reduce to the calculation of
each Hicont(Ẑγk, (R
+
1 /p) ·T
a1
1 · · ·T
an
n ). This continuous cohomology is calculated by
the complex
(4.1.1) R+1 /p
ζMN −1−−−−→ R+1 /p
where ak =M/N . If ak 6∈ Z, direct calculation shows that (4.1.1) is injective with
cokernel annihilated by ζp − 1. Therefore, we have an injection
i∧
(R+1 /p)
n = Hi(Ẑn, R+1 /p)→ H
i(Ẑn, R+/p)
whose cokernel is annihilated by ζp − 1. This completes the proof.

4.2. Finiteness. Evidently Proposition 4.4 implies Theorem 4.2. We first prove
Proposition 4.4(i).
We may assume K+ = OK . Indeed, consider the open subset
X ′ = X ×Spa(K,K+) Spa(K,OK) ⊂ X.
For any i ≥ 0, we claim that the induced map
Hi(Xke´t,L⊗O
+
X/p)
a → Hi(X ′ke´t,L⊗O
+
X/p)
a
is an almost isomorphism of K+a-modules. To prove this, consider a covering
{Uk} → X by log affinoid perfectoid objects. Then {Uk ×X X ′} → X ′ is also a
covering by log affinoid perfectoid objects. However, by Lemma 4.9,
Hi(Uk,L⊗O
+
X/p)
a → Hi(Uk ×X X
′,L⊗O+X/p)
a
is an almost isomorphism for all i ≥ 0 and all k. A spectral sequence argument
implies that
Hi(Xke´t,L⊗O
+
X/p)
a → Hi(X ′ke´t,L⊗O
+
X/p)
a
is an almost isomorphism.
From now on, we assume X is over (K,OK).
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Lemma 4.10. We can find N = i+ 2 e´tale coverings of X by affinoids
{V
(N)
j }
m
j=1, . . . , {V
(1)
j }
m
j=1
such that
• V
(N)
j ⊂ · · · ⊂ V
(1)
j is a chain of rational subsets for every j = 1, . . . ,m.
• V
(k+1)
j ⊂ V
(k+1)
j ⊂ V
(k)
j for all j = 1, . . . ,m and k = 1, . . . , N − 1.
• Each V
(1)
j admits a smooth toric chart V
(1)
j → D.
• V
(1)
j1
×X V
(1)
j2
→ V
(1)
j1
is a compostion of rational localizations and finite
e´tale maps, for every 1 ≤ j1, j2 ≤ m.
Proof. By Proposition 1.68 and the proof of [Sch2, Lemma 5.3], there exist N
analytic coverings of X by affinoids
{U
(N)
j }
m
j=1, . . . , {U
(1)
j }
m
j=1
such that
• U
(k+1)
j ⊂ U
(k+1)
j ⊂ U
(k)
j for all j = 1, . . .m and k = 1, . . . , N − 1.
• U
(N)
j ⊂ · · · ⊂ U
(1)
j is a chain of rational subsets.
• U
(1)
j1
∩ U
(1)
j2
⊂ U
(1)
j1
is a rational subset for all 1 ≤ j1, j2 ≤ m.
• There exist finite e´tale covers V
(1)
j → U
(1)
j such that each V
(1)
j admits
a smooth toric chart V
(1)
j → D (in particular, a composition of rational
localizations and finite e´tale maps).
Then taking V
(k)
j = V
(1)
j ×U(1)j
U
(k)
j satisfies the requirements. 
For any index subset J = {j1, . . . , js} ⊂ {1, . . . ,m}, write V
(k)
J for the fiber
product
V
(k)
j1
×X · · · ×X V
(k)
js
.
By assumption, V
(k)
J → D is a smooth toric chart. For each k = 1, . . . , N , we have
a spectral sequence
Ei1,i21,(k) =
⊕
|J|=i1+1
Hi2(V
(k)
J ,L⊗O
+
X/p)⇒ H
i1+i2(Xke´t,L⊗O
+
X/p).
For k = 1, . . . , N − 1, we also have natural maps between spectral sequences
Ei1,i2∗,(k) → E
i1,i2
∗,(k+1). The desired finiteness result now follows from Proposition 4.8
and [Sch2, Lemma 5.4]. Moreover, the spectral sequence for k = 1 together with
Proposition 4.8 implies the almost vanishing of Hi(Xke´t,L⊗O
+
X/p) for i sufficiently
large.
Secondly, we prove Proposition 4.4(ii). For simplicity, we write ÔX♭ , Ô
+
X♭
for
ÔX♭proke´t , Ô
+
X♭proke´t
. Consider the Artin-Schreier sequence
0→ L→ L⊗ ÔX♭
α
−→ L⊗ ÔX♭ → 0
where α = id⊗ (ϕ− 1). The exactness can be checked locally on those log affinoid
perfectoid U ∈ Xproke´t over which L is trivial. This induces a long exact sequence
· · · → Hi(Xke´t,L)→ H
i(Xproke´t,L⊗ ÔX♭)→ H
i(Xproke´t,L⊗ ÔX♭)→ · · ·
FOUNDATIONS OF LOGARITHMIC ADIC SPACES 67
Let ̟♭ ∈ K♭ be an element such that (̟♭)# = p. For every k > 0, consider the
almost OK♭/(̟
♭)k-module
Mk := H
i(Xproke´t, Ô
+
X♭
/(̟♭)k)a.
By Proposition 4.4(i), Mk’s satisfy the conditions in [Sch2, Lemma 2.12]. Applying
loc. cit., there exists some r and almost isomorphisms
Hi(Xproke´t,L⊗ Ô
+
X♭
/(̟♭)k)a ∼= (OK♭/(̟
♭)k)r ,
for all k, which are compatible with Frobenius and natural projections. An almost
version of [Sch2, Lemma 3.18] implies
R lim←−L⊗ Ô
+
X♭
/(̟♭)k ∼= (L⊗ Ô+X♭)
a
and hence almost isomorphisms
Hi(Xproke´t,L⊗ Ô
+
X♭
) ∼= (OK♭)
r
and
Hi(Xproke´t,L⊗ ÔX♭) ∼= (K
♭)r.
Therefore,
Hi(Xke´t,L) = H
i(Xproke´t,L⊗ ÔX♭)
ϕ=1 ∼= Frp
and
Hi(Xke´t,L)⊗K
+a/p ∼= Hi(Xke´t,L⊗O
+
X/p)
a.
This completes the proof.
Remark 4.11. In the special case of Example 1.71 (i.e., the underlying adic space
of X is smooth and the log structure is induced from a normal crossing divisor),
we have the following slightly stronger results.
Corollary 4.12. Let K/Qp be an algebraically closed complete extension. Let X be
a proper smooth adic space over K and D ⊂ X a normal crossing divisor. Suppose
X is equipped with the log structure defined by D (see Example 1.71) and L is an
Fp-local system on Xke´t. Then
(i) Hi(Xke´t,L) is a finite dimensional Fp-vector space for all i ≥ 0.
(ii) Hi(Xke´t,L) = 0 for i > 2 dimX.
Proof. We only need to prove (ii). By Proposition 4.4, it suffices to prove that
Hi(Xke´t,L ⊗ O
+
X/p) is almost zero for i > 2 dimX . For this, we first observe
that the covering {V
(1)
j }
m
j=1 in Lemma 4.10 can be chosen to be analytic coverings
(hence all i+ 2 coverings are analytic). Indeed, by the discussion in Example 1.71,
X analytic locally admits smooth toric charts X → D. Given this, the argument
in [Sch2, Lemma 5.3] applies verbatim.
Consequently, the argument used in [Sch2, Lemma 5.8] remains valid. More
precisely, if we consider the natural projection λ : Xke´t → Xan, Proposition 4.4
implies that Rjλ∗(L⊗O
+
X/p) is almost zero for all j > dimX . The desired vanishing
follows from the fact that the cohomological dimension of Xan is ≤ dimX . 
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